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Deja vu all over again!!



The continued fraction expansion

Successive terms depend 
on successive shells of 
neighbours outwards from 
site 0



The Lanzcos algorithm

With respect to this new orthonormal basis |u0>, 
|u1>… the Hamiltonian is now a tridiagonal matrix



Transformation to a tridiagonal
chain

The effective one dimensional lattice starts at site 
0 and continues to N-1 sites (or infinity)



The projected Green function and 
projected dos



The recursion method 



The continued fraction expansion



Example 1 a constant chain

• |u0> is the end site,
• |u1> is the second site, |u2> the third etc



The constant infinite chain
Easy to evaluate and 

gives an analytic 
model which is 
useful for several 
problems



The constant chain

• The Green function is analytic, except for 
a branch cut from a-2b to a+2b



Example 2 An infinite 1d lattice

Take |u0> as a site in the
chain, to obtain a continued
fraction expansion

The result agrees with the
Well known k space result!



Bonding and antibonding states

• Let us be more creative as to the choice of 
starting orbital

• Consider bonding and antibonding linear 
combinations to two neighbouring sites

|u0>  = (� 1 ±� 2)/� 2



Bonding and antibonding
projections of the dos

• The bonding dos is 
weighted heavily to the 
bottom of the band

• The antibonding dos is 
weighted to the band 
top

• Subtracting and 
integrating up to the 
Fermi energy defines 
the BOND ORDER, 
which is maximized for 
a half-filled band



Example of a random lattice

• Let each site have a random energy � i=�
• Calculate the projected dos at a random site
• Average over a large number of samples



Random lattice weak disorder

� =±0.5, 
smearing the 
van Hove 
singularities, 
widening the 
band  and 
giving 
exponential 
band ‘tails’
outside the 
main band



Random lattice stronger disorder

� =±2, the van 
Hove 
singularities, 
are completely 
gone,  and 
there are 
strong random 
fluctuations.

A gap is 
starting to 
appear at 0



Random lattice at very strong 
disorder

A clear band 
splitting has 
emerged at 
� =0

Random 
fluctations
dominate 
because of 
Anderson 
localization



The cluster of neighbouring shells

Successive terms depend 
on successive shells of 
neighbours outwards from 
site 0



The moment expansion of the 
projected dos

• Successive terms 
in the continued 
fraction are only 
funcions of the 
MOMENTS of the 
Hamiltonian

• <u0|Hn|u0>



The moments of the dos
• The moments of the dos obey
• <u0|Hn|u0>=� � nN0(� ) d�
• Therefore n terms of the recursion generates an 

APPROXIMANT to the distribution N0(� ) with the first n 

moments exactly reproduced (recall Padé approximants)



Band mean and width

• In particular the band mean energy is
• <E> = <u0|H|u0>=� � N0(� ) d� = a0

• The band RMS width is
• <(E-<E>)2> = � (� -<E>)2 N0(� ) d� = b1

2

• This is proportional to number of nearest neighbours Z,
• Therefore bandwidth W �� Z  
• This leads to band narrowing at surfaces, and Finnis

Sinclair and other effective potentials for simulating 
metals



Terminators



Off-diagonal Green functions



Matrix continued fractions



Application to superconductors



The self-consistent pairing 
potential in superconductors



Recursion for superconductors



The matrix continued fraction



Example superconducting 
applications



Conclusion

• The Recursion method is a fast and flexible method for 
problems where traditional methods do not work

• As well as being O(N) computationally it is especially 
useful in random systems, or in systems without 
translational symmetries (eg grain boundaries, 
superconducting vortices,  tunnel junctions etc)

• Traditionally formulated in tight binding language, maybe 
in future it can be usefully combined with ab initio
Wannier functions or local atomic-like basis set methods


