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Basic theorems of ground-state density functionaheory |



Many-Body Schrodinger Equation




Why DFT

Example: Oxygen atom(8 electrons)

Y (r

17

, r8) depends on 24 coordinates

rough table of the wavefunction

10 entries per coordinate:

1 byte per entry:
5 10° bytes per DVD:

10 g per DVD:

10°4 entries

1074 bytes
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ESSENCE OF DENSITY-FUNTIONAL THEORY

« Every observable quantity of a
guantum system can be calculated
from the ground-state density of the
system ALONE

 The ground-state density of particles
Interacting with each other can be
calculated as the ground-state density
of an auxiliary system of non-
Interacting particles




compareground-state densitiess(r) resulting from different

external potentials v(r).

r(r)

v(r)

QUESTION:

(

\

)

VeV

Are the ground-state densities coming from
different potentials always different?



single-particle ground-state
. . ground-state »
potentials having densities

wavefunctions
nondegenerate
ground state

Hohenberg-Kohn-Theorem (1964)

‘ G:v(r) ®r (r) Is invertiblel




Proof

Step 1. Invertibility of map A

Solve many-body Schrodinger equation for the edigootential:

vir,)=- Y W, (.., )+ constant

This is manifestly the inverse map: A givéruniguely yields the
external potential.



Step 2: Invertibility of map A

Given: two (nondegenerate) ground stafey ’ satisfying

HY =EY | H=T+W+V
R with o
H'Y'=E'Y' H=T+W+V'
tobeshown: Y 1 Y' rir'
r=r’
\_ %
Y

cannot happen




Use Rayleigh-Ritz principle:

N\ Ve

E=(YAY ) <(Y[AY) = (Y [H+V - VIY')

=E+ d'rr(r)v(r)- v(r)

E= (YAl ) <(Y[AfY)
=€+ o (v ()- v(r)

Reductio ad absurdum:
Assumptionr =r’. Add and E+E'<E+F %




‘ Consequenc_e_l

Every quantum mechanical observable is completely
determined by the ground state density.

Proof: I %Y® V[r|%9i¥E® F [r]

observables B B. [r ] = <F i [r ] B|F i [r ]>




What is a FUNCTIONAL?

E[r]

functional

set of functions set of real numbers

Generalization:

vr[r ] = v[r ](r) functional depending parametrically en

V.. r]=ylrl(n.n) oron (r.x)



QUESTION:

How to calculate ground state densitfr)  of a gisgstem
(characterized by external potentid =  v,(r) wjthout
recourse to the Schrodinger Equation?

Theorem

There exists a density functional Jr] with properties
) Elr]>E, forrir
i) Eulrd =E,

where E = exact ground state energy of the system

Thus, Euler equation

E[r]=0

d
dr(r)

yields exact ground state dengity




proof:

formal construction of E,([r] :

for arbitrary ground state density T (r)%%® Y]r]

Y[r ]>

define: EHK[r]0 <Y [r] 'T'+VAV+\A/O

>E, for rir g
=E, for r =r, g.e.d.

Eoxlr] = er3rr(r) Vo(N) + <Y[r]'f+VAVY[r]>

N —
~

F[r] Is| universal




‘ HOHENBERG-KOHN THEOREM \

v(r) = ()
one-to-one correspondence between external pden(ra and ground-state
densities ()

Variational principle

Given a particular system characterized by thereatgotential(r). Then the
solution of the Euler-Lagrange equation

d
—EHK[r] =0

dr (r)

yields the exact ground-state enekjyand ground-state density(r) of this
system

£l = FI +jr(r) volt) Pr

F[r] is UNIVERSAL. In practice, F[r] needs to be approximated




Expansion of Hr] in powers of &

FIrl = FOI] + &FOr] +efFA[r + -

where: F)[r] =T.[r] (kinetic energy of notinteracting particles)

eF[r] = 622 r () (r) dr’d®r' + E [r] (Hartree + exchange energies)
r-r "

' (92 )i F(i)[r] - Ec[r] (correlation energy)

=2

il = T, + 22”%’ L) g+ E, ] + EF



TOWARDS THE EXACT FUNCTIONAL

=1+ 5 o @ e el

-l

1Stgeneration of DFT Use approximate functionals (LDA/GGA) fot, TE,

and E e.g. T[r]= or ar(r)S/ngt’(NrL)2+

Thomas-Fermi-type equation has to be solved

2"d generation of DFT Use exacfunctional Te<[r] and LDA/GGA for E

dE
an -I-Sexact[r] - drj [r] ( ) 0 J [r]( )

JOCC

KS equations have to be solved

3'd generation of DFT Use T&<[r] , and an orbital functionalfj ;, j 5 -..]
e.g.

poay . Ll N (0 5 0 () o e

s= jk r-r

KS equations have to be solved self-consistentllpy ®PM integral equation



HK 1-1 mapping for HK 1-1 mapping for
Interacting particles non-interacting particles

A\ /U
Y Y

Vool IIr) < - (r) - - vl r)

Kohn-Sham Theorem

Let (r) be the ground-state density of interacting eleicons moving in the external
potential v (r). Then there exists a local potential y(r) such that non-interacting
particles exposed to y(r) have the ground-state density (r), I.e.

N2 oy a T
v ) 101,00 W)= )
j (with _

lowestl ;)

proof: V() = v [ o)

Uniqueness follows from HK 1-1 mapping
Existence follows from V-representability theorem



By construction, the HK mapping is well-defined for dl those functions (r)
that are ground-state densities of some potential (smalled V-representable
functions (r)).

QUESTION: Are all “reasonable” functions (r) V-representable?

V-representability theorem (Chayes, Chayes, Ruskai, J Stat. Phys. 3897 (1985)
On a lattice (finite or infinite), any normalizable positive function (r), that

Is compatible with the Pauli principle, is (both interacting and non-
Interacting) ensemble-V-representable.

In other words: For any given (r) (normalizable, positive, compatible with

Pauli principle) there exists a potential, ¥ [ ](r), yielding (r) as interacting

ground-state density, and there exists another poteiai, vJ ](r), yielding
(r) as non-interacting ground-state density.

In the worst case, the potential has degenerate grourstates such that the
given (r) is representable as a linear combination of the dgenerate
ground-state densities (ensembl¥-representable).




Define v, | ](r) by the equation

10 = vl 10+ T aeev [ 16)

J

vJ ]Jand v, [ ] are well
(I’) defined through HK.

[ J0) +vul o)+ vl o)) 50) =55 ,()

H_I

v, (r)

fixed
to be solved selfconsistently with

Note: The KS equations do_notfollow from the variational principle.
They follow from the HK 1-1 mapping and the V-representability
theorem.



Variational principle gives an additional property of v,

e E[1=f]- L 0 0) e 1171

2 |r-r]

Conseguence
Approximations can be constructed either for £ ]
or directly for v [ ](r).




Proof: EHK[ ]=TS[ ]+ (r)vo(r)d3r +EH[ ]+Exc[ ]

o= Eull = Tl v evl J0+Bx

() 1, ), )],

T, = change of Jdue to a change which corresponds to a changg
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Numerical solution of KS equation by expansion in &sis:

Finite systems(atoms, molecules, clusters)

» Gauss-type orbitals (GTOs): e.g. GAUSSIAN, GAMESS

 Slater-type orbitals (STOs): e.g. ADF

Periodic solids

 Linear augmented plane waves (LAPWSs): WIEN, FLEUR EXCITING
 Linear muffin tin orbitals (LMTQOs): MPI-Stuttgart co de

* Plane waves (used with pseudopotentials): ABINIT, WSCF
 Local orbitals: SIESTA, CRYSTAL



3 generations of approximations for E.

1. Local Density Approximation (LDA):
Eclr]= d*rel"(r (r))

2. Generalized Gradient Approximation (GGA):

E,[r]= d’rg, (r.Nr, )

3. Orbital functionalgOptimized Effective Potential Method: OPM, OEP

EOEP E 1 ] " ]



‘ LDA parametrization of Vosko, Wilk, Nusair (1980) I

hom _ 3 3"
eX(c:)m_ex-l_ec ex(r):'z B r
2
er)=ArxlIn %), arctan —
(x) 2x +b
bx, (x- x,) . 2(b+2x,) aretan O
C(x,) C(x) 2x +b
3 e 2
where X =,/I; = 4pacr C(X)=X2+bX+C Q=(4C— bz)l/
A = 0.0311 b= 3.72744
X, =-0.10498 c=12.9352

In the spin polarized case, A, %, c are functions af(z=r_-r-)



‘ SUCCESSES OF LDA \

Quantity Typical deviation from expt

- Atomic & molecular ground <05%
state energies

- Molecular equilibrium <5%
distances

- Band structure of metals few %

Fermi surfaces
. Lattice constants <2%



Generalized Gradient Approximation (GGA) \

Detaliled study of molecules (atomization energies)
B. G. Johnson, P. M. W. Gill, J. A. PopleJ. Chem. Phys97, 7847 (1992)

32 moleculeqall neutral diatomic with first-row atoms only + H,, )

Atomization energies (kcal/mol) from:

E;+E/' ES+E;" HF

mean deviation from experiment 0.1 1.0 -85.8
mean absolute deviation 4.4 5.6 85.8
for comparison: MP2
-22.4

22.4



‘ DEFICIENCIES OF LDA/GGA |

Not free from spurious self-interactions KS potentiadecays more
rapidly than r

Consequences: - no Rydberg series
— hegative atomic ions not bound
— lonization potentials (if calculated from highest
occupied orbital energy) too small

Dispersion forces cannot be described
W, (R) — & (rather than R°)

band gaps too small:

EgapLDA 0.5 Egapexp

Cohesive energies of bulk metals not satisfactory

in LDA overestimated
iIn GGA underestimated

Wrong ground state for strongly correlated solidsg.g. FeO, LgCuO,
predicted as metals



Orbital Functionals in DFT:
Historical Overview
OPM idea;:

Sharp, Horton, PR 9Q 317 (1953)

KS® OPM:
J. Perdew (1983 NATO ASI in Alcabideche)

First OPM calculation with orbital functional for ¢ orrelation:
T. Grabo, E.K.U.G., Chem. Phys. Lett. 240, 141 (199

semi-analytical (“KLI") solution of OPM equations:
Krieger, LI, lafrate, Phys. Lett. A 148, 470 (1990)



Apply HK theorem to non-interacting particles
rgiven  ve=vlrl (= B evfrim)i &1 0 ji
]

conseqguence.

Any orbital functional, EJj ,.j ,...], is an (implicit) density functional provided
that the orbitals come from a local (i.e., multipliwe) potential.

“optimized effective potential® KS xc potential

oPM d .
ch (r) dl’(l’) Exc 1] N] ) (')
vel()= P dr C.IEXC, L r dv,(r )+ cC.
| dj ;(r) dvy(r) dr(r)
Cys (1)
act withc,g on equation:
dE,. dj (1)
Co(rrvorM(r)d®r = d°r—— —L <+ cc
snrvi(ndr= BOEI0
OPM integral equati0||| =~ ~ ~

knownfunctional offj



OPM Iintegral equation

N
S J A" (Vs ™M) = Uee s (MK ()i is(r)) *() + .. =0
i=1

where K ((r,I') = ) is™ (D] ks(1)
E:'l Il ks =1 is
|

_ 1 dE, . [] 1 -]
and Y ;s(n) = jis* ) din

to be solved simultaneously with KS equation:

2 r (r : S
— ﬂ +V (r) + r ( 2 -lvxc,sOPM(r) J js(r) =l jSJ js(r)



‘ Orbital functionals available |

order-by-order KS-MBPT

Resummation of infinitely many terms of the MBP-seres
(e.g. RPA)

Functionals from TDDFT

Self-Interaction-Corrected LDA or GGA (SIC)
Meta-GGA

Interaction-Strength-Interpolation (ISI)

Hybrid functionals (e.g. B3LYP)

Colle-Salvetti



Meta-GGA

Atomization energies (in
kcal/mol).  All functionals
evaluated on GGA densities
at experimental geometries.
Zero-point vibration
removed from experimental
energies [5]. The GGA is
PBE [5], and the LSD is the
local part of PBE. The
Gaussian basis sets are of
triple-zeta quality, withp and

d polarization functions for
H andd andf polarization
functions for first- and
second-row atoms.

J. Perdew, S. Kurth, A. Zupan,
P. Blaha,PRL 82, 2544 (1999)

MGGA _ & 1 ~. 2
Eon = Exc[r Nr ,t] where t(r):E Nj J.(r)‘
J

MO]ECU]E AELSD AEGGA AEMGGA A Eexpt
H, 113.3 104.6 114.5 109.5
LiH 61.1 53.5 58.4 57.8
CHy4 462.6 419.8 421.1 419.3
NH; 337.3 301.7 298.8 2974
OH 124.2 109.8 107.8 106.4
H,O 266.6 234.2 230.1 2322
HF 162.3 142.0 138.7 140.8
Li, 23.8 19.9 22.5 24 .4
LiF 156.1 138.6 128.0 138.9
Be, 12.8 9.8 4.5 3.0
C,H, 460.3 414.9 401.2 405.4
C,Hy 632.7 571.5 561.5 562.6
HCN 360.8 326.1 311.8 311.9
CcO 298.9 268.8 256.0 259.3
N, 266.9 243.2 229.2 228.5
NO 198.4 171.9 158.5 152.9
O, 174.9 143.7 131.4 120.5
F, 78.2 534 43.2 38.5
P, 143.0 121.1 117.8 117.3
Cly 82.9 65.1 594 58.0
Mean abs. error 31.69 7.85 3.06




Systematic approach to construct E. using KS-MBPT

H.s —— unperturbed system
H=H. +Il H,

where H =W, - [ ABrm (N(v(r) + vy (r) )

el &S
SO NONG

d’rd’r'
]

S
2

s=- JkK
E.[r] = sum of all higher-order diagrams in termslef Green’s
function

G.(r,r)= s (1) s (1) The exacg,r]is an
= K W- €, orbital functional



DF correlation energy versus traditional QC correldion energyI

EcQC = Etot o EtotHF[j jHF]

— 1 ' ' .
EDFT oF|| — T, - - I J%;:)_rrr(];ij)z bBr d3r' — E HFj st]

p
sl LU Vext _J}r Vext

7
\ 4 l
DFT -— HF[; KS
Ec " Etot o Etot D j ] ECDFT ECQC
] ] H |-0.04195 |-0.039821
EtotHFD jHF] EtotHF[l jKS]

He |-0.042107 |-0.042044
Be’" |-0.044274 |-0.044267

E DFT E QC

C

in Hartree units

details see: E.K.U.G., M.Petersilka, T.Grabo (1996)



Total absolute ground-state energies for first-row soms from various self-

consistent calculationsAll numbers in hartree. (OPM values frolGrabo, E.K.U.G., Chem.
Phys. Lett. 240141 (1995)

OPM BLYP PW91 QCI EXACT
He 2.9033 2.9071 2.9000 2.9049 2.9037
Li 7.4829 7.4827 7.4742 7.4743 7.4781
Be 14.6651 | 14.6615 14.6479 | 14.6657 14.6674
B 24.6564 | 24.6458 24.6299 | 24.6515 24.6539
C 37.8490 | 37.8430 37.8265 | 37.8421 37.8450
N 54.5905 | 54.5932 54.5787 | 54.5854 54.5893
O 75.0717 | 75.0786 75.0543 | 75.0613 75.067
F 99.7302 | 99.7581 99.7316 | 99.7268 99.734
Ne | 128.9202 | 128.97/30 | 128.9466 | 128.9277 | 128.939
D 0.0047 0.0108 0.0114 0.004

Comparison'D(LDA)=0.383 D(HF)=0.177

« D: Mean absolute deviation from the exact nonreistic values.

* QCI: Complete basis set quadratic configuraticesiaction/atomic pair natural orbital model:
J.A. Montgomery, J.W. Ochterski, G.A. PeterssoiGhem. Phys. 105900 (1994)

« EXACT: E.R. Davison, S.A. Hagstrom, S.J. Chakravorty, VWWhar, C. Froese Fischer, Phys. Rev. A 44
7071 (1991)

Approximation employed for E, . E.J 1--4] n] = exact Fock term

Edj 1 .-J] n] = Colle-Salvetti functional



Total absolute ground-state energies for second-row@mns from various self-
consistent calculationsAll numbers in hartree. (OPM values fromGrabo, E.K.U.G., Chem.

Phys. Lett. 240141 (1995)

OPM BLYP PW9O1 EXPT
Na [ 162.256 | 162.293 162.265 162.257
Mg | 200.062 | 200.093 200.060 200.059
Al | 242.362 | 242.380 242.350 242.356
Si | 289.375 | 289.388 289.363 289.374
P 341.272 | 341.278 341.261 341.272
S 398.128 | 398.128 398.107 398.139
Cl | 460.164 | 460.165 460.147 460.196
Ar | 527.553 | 527.551 527.539 527.604
D 0.013 0.026 0.023

« D: Mean absolute deviation from Lamb-shift correlotxperimental values, taken
from R.M. Dreizler and E.K.U.G., Density functional thgpan approach to the quantum
many-body problem (Springer, Berlin, 19%0)



Helium Isoelectronic Series

Total Energies - Errors

0-20 I : I . | 1 , I I 1 X I - 1
_ L |Pwol
0.18 | A |
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0.16 | OBLYP % |
_ A PWO1
A —
0.14 | n St
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Bl 0.12 i |
T o0 f A o {BLYP
) - A - o -
< .08 | A o C° |
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= : A O .
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0.04 A O
. A 0 O . )
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: O - + + |OPM
+ + + + + F
0.00—@—m5¢+++++++
-0.02 : | : L I A 1 ! i ] i ] i | . ] ; L
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Atomic ionization potentials
from highest occupied Kohn-Sham orbital energy

OPM LDA BLYP PW91  experiment

He 0.945 0.570 0.585 0.583 0.903
Li 0.200 0.116 0.111 0.119 0.198
Be 0.329 0.206 0.201 0.207 0.343
B 0.328 0.151 0.143 0.149 0.305
C 0.448 0.228 0.218 0.226 0.414
N 0.579 0.309 0.297 0.308 0.534
O 0.559 0.272 0.266 0.267 0.500
F 0.714 0.384 0.376 0.379 0.640
Ne 0.884 0.498 0.491 0.494 0.792
Na 0.189 0.113 0.106 0.113 0.189
Mg 0.273 0.175 0.168 0.174 0.281
Al 0.222 0.111 0.102 0.112 0.220
Si 0.306 0.170 0.160 0.171 0.300
P 0.399 0.231 0.219 0.233 0.385
S 0.404 0.228 0.219 0.222 0.381
Cl 0.506 0.305 0.295 0.301 0.477
Ar 0.619 0.382 0.373 0.380 0.579

D 0.030 0.176 0.183 0.177




Fundamental Energy gapsl

Calc. band gaps [eV]

6 N Se aeEECaE ']
| A LDA AN *C
5 B " & =

@ EX)((C) K ]
A
4 [ GaN 'r'
L ’I A
3[ sic ./’ X
ol  Gaas P AlAs __
Si @’
11 .
A A
N | | |

% & 2 3 a4 s
Exp. band gaps [eV]

6

| ® EXX gives excellent band gaps:

larger than LDA by ~1 eV

® Small influence of correlation

® EXX pseudopotential

important for Ge: minimum of
conduction band in L

from: Stadele et al., Phys. Rev. B,59
10031 (1999)



TABLE IX. Comparison of energy gaps between occupied and
empty states with experiment. All energies in eV.

LDA GW-LDA EXX GW-EXX Experiment

Si
E, 0.51 1.19 1.43 1.54 1.17%
E} 2.55 3.23 3.28 3.57 3.35°
£ 2.69 3.38 3.35 3.72 3.46°
i 4.52 5.26 5.08 5.57 5.38"%
E5 3.48 4.18 4.12 4.51 4.32b
Ge
E (L.—1) 0.06 0.62 0.86 0.94 0.742
Eo —0.07 0.57 0.81 0.94 0.90°
E! 2.59 3.17 3.16 3.40 3.16°
£ 1.44 2.03 2.14 2.32 2.22°¢
E5 3.75 4.31 4.37 4.56 4.45°
GaAs
E, 0.49 1.22 1.49 1.65 1.524
E} 3.55 4.24 4.16 4.51 4.514
£ 2.02 2.73 2.80 3.09 3.044
£ 3.98 4.65 4.72 4.99 5.134
BeSe
E, 4.04 5.46 5.25 5.92 5.55¢
E(’) 5.01 6.48 5.78 6.75 7.29¢
£, 5.18 6.57 6.00 6.95 6.15°
E 6.81 8.31 7.48 8.64 8.47°¢
E, 5.02 6.43 5.86 6.82 6.56°
BeTe
E (X, .—1,) 1.60 2.59 2.47 2.88 2.7%, 2.8
Ey 3.28 4.33 3.91 4.58 4.20h
F 3.97 4.97 4.61 5.28 4.690
FEs 4.33 5.37 4.99 5.68 5.04 b
MgSe
Eo 2.47 4.08 3.72 4.71 4.231
MgTe
E, 2.29 3.66 3.33 4.20 3.67

A.Fleszar, PRB 64245204 (2001)



True gap vs. KS gap; Discontinuity of V

E . 8I'(S + A A= A, + A, = discontinuity of xc - potential
gap -~ “gap XC
Gap problem: how largeis A__?
E =¢™%X4+ e +A_+A PP 9 xc
gap gap = 9ap x 7 S

Can prove

Ac= (@ (NIV-V Lo (N) ) = (0, N V-V Lo, (N)

meSex A, large: 5..10eV
A for C, Si,Ge, ...

HF
. EﬂrﬂP

e cancellation between A, and A,
® it remains open whether A, << €5,



Fundamental band gap in semiconductors and insulate

Gap in Hartree-Fock:

E,F :EHF(N+1) —3 EiF(N) + EFF(N - 1)
=11 " (N) A4 GFR(N)

DFT with exact exchange (OPM)
EgOPM = EOPM(N+1) — 2 EPPM(N) + EOPM(N — 1)

AN

=TT o KSIN) T (SS(N) +
y

discontinuity of v,

EHF  EOPM E HF E OPM
g g



Cohesive Energiesl;

oo

Calculated energy [eV]
N d= N

o

- e & LDA
. B X ® EXX(c-GGA)
A O EXX(c-LDA)
X HF

I I I l

3 4 5 6 7 8
Experimental energy [eV]

Exact Exchange + GGA correlation
yields cohesive energy close to
experimental values.

from: Stadele et al., Phys. Rev. B,59
10031 (1999)



Orbital functionals for the static xc

energy derived from TDDFT




ADIABATIC CONNECTION FORMULA
' &2 1
H({] )=T+ )+
(1) R (r)+11 Z ol O£l £1

itk

N N
2
H( =1 ): T+ Vnuc(ri) + % 1 = Hamiltonian of fully
=1 i,k:J_Iri - rkI interacting system
itk

Choose Mr) such that for eachthe ground- state density satisfies

() =1 24(r)
Hence Voo =) Y = Vo)

Determine the response functiot(r,r';w) corresponding to HJ,
Then

E,=- fdl Jg—gjdi”rjd?’r'ﬁ{c(')(r,r';iu)+r (r)d(r - r)}

O 0




Second ingredient : TDDFT

[ 1 = Csvs,l = Cs(Vl T [Wclb T 1:xc]r 1)
r, = CV,

Cvl = Cs(vl T [WCIb T 1cxc:] Cvl)

C = Cs T CS[VVCIb T 1:xc] C

andfor O Il 1 :

o)

C(I) = Cs +Cs[| WCIb +fx((|:)




r -dependent deviation of approximate correlation engies from the
“exact” correlation energy per electron of the uniform electron gas.
M. Lein, E. K. U. G., J. Perdew, Phys. Rev. B 6113431 (2000).



For finite systems, truncate after first iteration:

C(I) Cs T Cs [I Wclb T 1:xc(I )]Cs

plug this approximation into adiabatic connection
formula

Orbital functional for E _



Resulting Atomic Correlation

energies (in a.u.)

atom LDA | new fctl| exact
He -0.111 | -0.048 | -0.042
Be -0.224 | -0.13 -0.096
Ne -0.739 | -041 -0.394
Ar -1.423 | -0.67 -0.72




Resulting v.d.W. coefficients C

Lein, Dobson, EKUG, J. Comp. Chem. (‘99)

system

He-He
He-Ne
Ne-Ne
Li-Li
Li-Na
Na-Na
H-He
H-Ne
H-Li
H-Na

1.639
3.424
7.284

1313
1453
1614
2.995
5.976
64.96
75.4

CalculatedC experiment
1.458
3.029
6.383

1390
1450

1550
2.82
5.71

66.4
/1.8



Successful calculation of the full PES of He E. Engel, A. Hock,
R.M. Dreizler, Phys. Rev. A 61032502 (2000)

Energy surface of Hex-only and correlated OPM data versus LDA, HF [22],
MP2 [23], and exact [21] results.



‘ Self-interaction correction (SIC) \

(J. Perdew, 1979)

E.. =TJr]+ r(r)v(r)d3r+% r‘(rr) r(‘)d3rd3r +E ]

U[r]

- J

Eff[r_,r_] ELSD[r r] {U[r ] ELSD[r O]}
ol Jefor, ]

with r. (r) = ‘j y (r)‘2 I - (r) = ‘J' - (r)‘z



3 ways of using a given orbital functional E{j 1§] 5, ---]

a) non-self consistent (post LDA/GGA/HF)
b) self consistent in OEP sense

c) self consistent, but freevariation w.r.t. orbitals



(free) variation of total enerqgy w.r.t. orbitals leads to:

&y 2

N

S tVia ()12 ()= e ia () a=-,

m

r (I‘ ') LSD (I’)

dr+vXC
r-rf

C fel e v

o] ¢

with v, , (r)=v,(r)+

Note: different single-particle potential v, ,(r) for each
orbital )

Consequencess® {] ; 5} not orthonormal
e Bloch theorem not valid allows
localization In supercell




SIC results(Temmerman, Szotek, Lueders)

« MnO, FeO, Co0O, NiO, CuO correctly predicted as
antiferromagnetic insulators

* VO correctly predicted to be a nonmagnetic metal

» La,CuQ, correctly predicted as antiferromagnetic
semiconductor



DENSITY-FUNTIONAL THEORY OF
MAGNETIC SYSTEMS

Quantity of interest: Spin magnetization m(r)

In principle, Hohenberg-Kohn theorem guaranteesiti{g) is a
functional of the density: m(r) = m(r). In practice, m[] is
not known.

Include m(r) as basic variable in the formalism, inaddition
to the density (r).




DFT for spin-polarized systems

N Ve ¥

Hg = T+W+ 7(r)v(r)o®r- m(r)>8(r)or

\Y

[N = spinmagnetizabn : r?](r) —-M b y;(r)saby b(r)

HK theorem

[r (r),m(n)]- #® [y]

total energy:

EV’B[r,m]: Hr,m]+ d3r(v(r)r(r)- B(r) ><m(r))

universal



KS scheme

0 0
For simplicity: B(r)= O , m(r)= 0
B(I’) m(r)
_ 2Nm +v(r) +v, )+ v, () ]2 m[B(r)- B,.(r] ] i(r):Tij i(r)

Vot .m] =dE, Jr ,m)/dr B, Jr,m]=dE,Jr,m}/dm
T =r. O+ (), m@)=r, @) -r_(r) ,r,=S%i, %

B3%® 0 limit

These equations do noteduce to the original KS equations for
B@& O Iif, in this limit, the system has a finite m(r).




Traditional DFT: EJ[ ] v (= EIr]

r(r)



Traditional DFT: EJ[ ] v (= EXC([r)]
r(r

Exc[r ’m] B (r) —_ EXC[I‘ ,m]

Collinear SDFT: E[ ,m] v (=

r(r) m(r)



Traditional DFT: EJ[ ] v (= EIr]

r(r)
i - __EJr.m] _ E.r,m]
Collinear SDFT: E[ .m] v, ()= 0 B, (1) =- 0
Non-Collinear SDFT: E[ ,M] V,.(r) = E.r.m| B (r)=- E,.[r.m]

r(r) * m(r)



Traditional DFT: EJ[ ] v (= EIr]

r(r)

Collinear SDFT: E[ ,m] v_(1)= Excr[r(;)m] B (1) =- Excrg(’r;“]
Non-Collinear SDFT: E[ ,M] V,.(")= Excr[r(;)rn] B._(r)=- En[r:(r;n]
Collinear CSDFT: E] m]'p] v (r)= Exc[rr’(f;’jp] B.(r) =- E[:n(T)JP]

E.lrm.j

A.(r)=c




Traditional DFT: EJ[ ] v (= EIr]

r(r)
| | _ E_[r,m] __ EJr.m]
Collinear SDFT: E[ .m] v,.()=—<"0" B.()=-—= 0
Non-Collinear SDFT: E[ ] V,.(r) = Ex}[r(})m L 8.0- EXCrE:(,r;n]
| | . ~ Exc[r ,m, jp] _ Exc[r M, jp]
Collinear CSDFT: B[ .m,J)] v ()= ' () B..(r) =- m(r)
E [r,m,j]
AN = p
(n=c [ jp(r)] [ ]
i . > —» _ m1 jp _ Excr’m’ Jp
Non-Col. CSDFT: [ inj] v, ()=—= 0 (1) = ()
A =c Bl -mil



KS equation for the most general case (non-colti@EDFT):

LR 2A) ) rms B0 F ()= ()

1
2¢’

B,()=B,(N+B.(nN A=A +A([)

[Az(r)- A% ()]

V(1) = V() + v, (0 + v, (1) +




Parabolic quantum dot in strong magnetic field

N. Helbig, S. Kurth, S. Pittalis, E.K.U.G., cond-m#&0605599



Ordinary LSDA yields GLOBAL collinearity

B..m parallelto © everywhere in space
1



r (r)v(r)dr- m(r)>B(r)dr

> r,(n)v,,(r)

ab=-

{r (r) m(r)} .4 iIndependent functions

IS Hermitian 4 independent functions



Non-collinear LSDA
(KUbler '80s)

r given point in space:

Find unitary matrix U(r) such that
n(r) O

U*(r)(r ab)U(r): _ n (r)

0

Calculatev;c(r) and V;C(r) from { n ,n_}
using the normal LSDA expressions

w2)=u) Y C U

’ 0 v.(r)

In this approximationBXC(r) ariah(r) may change their
direction in space, but locally they are alwaysapar



Extension of OPM to non-collinear spin DFT

Ordinary Spin-DFT: KS orbitals are spin eigenfunctions

Generalization to include relativistic effects onhe level
of spin-orbit coupling: KS orbitals are two-componer
(Pauli) spinors

xc magnetic fieldB, (r) not globally and not locally
collinear withm(r)




Cr layer



m><|3xC IS the spin torque appearing on the r.h.s of the eaion
of motion of the spin magnetisation. In the LSDA, his
term vanishes, leading to an unrealistic spin dynaros.
LSDA yields unrealistic spin dynamics.



XC



Log mxB,.



 m(r) has stronger spacial variation in EXX than in0&

 m(r) locally not collinear witiB, .

* Improved spin dynamics: Importance for spintronics

Optimized Effective Potential Method for Non-Caln Magnetism:
S. Sharma, J. K. Dewhurst, C. Ambrosch-Draxl, Nibig

S. Pittalis, S. Kurth, S. Shallcross, L. Nordstro&nK.U.G.

PRL (accepted 2007)



Review Article

Orbital functionals in density functional theory: the optimized
effective potential method

T. Grabo, T. Kreibich, S. Kurth, E.K.U. Gross, in “Strong
Coulomb Correlations in Electronic Structure: Beyord the LDA”
edited by V.l. Anisimov

Gordon & Breach (2000), p. 203-311.



