
EXTENSIONSEXTENSIONS

1.  Relativistic systems
KS equations:
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Local spin-density approximation and EXX-OPM available

KS orbitals are Dirac spinors



2.  Finite temperature
KS equations:
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Fermi distribution

3.  Superconductors

E = E [ rrrr , cccc ]

Superconductig order parameter

EXTENSIONSEXTENSIONS



DENSITY-FUNTIONAL THEORY OF 
CONVENTIONAL SUPERCONDUCTORS

• Include order parameter, � , characterising 
superconductivity as additional “density”

BASIC IDEA:

L.N. Oliveira, E.K.U.G., W. Kohn, PRL 60, 2430 (1988)

• Include N-body density matrix, � , of the     
nuclei as additional “density”
T. Kreibich, E.K.U.G., PRL 86, 2984 (2001)



Electronic KS equation
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3 KS potentials: vs DDDDs Ws

KS theorem:There exist functionals vs[r ,c,G],  Ds[r ,c,G], Ws[r ,c,G], such that 
the above equations reproduce the exact densities of the 
interacting system

No approximation yet!



In a solid, the ions remain close to their equilibrium positions:

0 (because forces vanish at 
equilibrium positions)
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Transition temperatures from DFT gap equation  

 Al Nb Ta Pb Cu 

 DFT 0.9 9.5 3.7 6.9 <0.01 

 Experimental 1.18 9.5 4.5 7.2 - 
 

 Al Nb Ta Pb Cu 

 DFT  0.14  1.74 0.63 1.34 - 

 Experimental 0.179 1.55 0.69 1.33 - 
 

Gap at zero temperature 

M. Lüders et al, PRB 72, 024545 (2005), M. Marques et al, PRB 72, 024546 (2005)



Isotope effect: 

Calculations Experiment
Pb 0.47 0.47
Mo 0.37 0.33

The deviations from BCS value 
a=a=a=a=0.5 are correctly described 

cT M a-µ



Jump of specific heat at Tc



2MgB



MgB2

2-D ssss-bonding hole pockets 
3-D pppp and pppp**** Fermi surfaces
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Fermi Surface of MgB2



Specific heat of MgB2
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A. Floris et al, Phys. Rev. Lett. 94, 037004 (2005)
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]
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A. Floris et al, Phys. Rev. Lett. 94, 037004 (2005)



Time-Dependent Density Functional TheoryTime-Dependent Density Functional Theory

Example: atom in laser field

Weak  laser (vlaser(t) << ven) :
Calculate   1. Linear density response rrrr 1(r t)

2. Dynamical polarizability

3.  Photo-absorption cross section
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Strong  laser (vlaser(t) � ven) :

Non-perturbative solution of full TDSE required



Photo-absorption in weak lasersPhoto-absorption in weak lasers

continuum 
states

unoccupied 
bound states

occupied 
bound states

I 1

I 2

No absorption if   wwww <  lowest excitation energy

Laser frequency  wwww
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Molecular Electronics

left lead L
central 

region C
right lead R

Bias between L and R is turned on: U(t) V  for large t

A steady current, I, may develop as a result.

Goal 1: Calculate current-voltage characteristics  I(V)
Goal 2: Control path of current through molecule by laser

Dream: Use single molecules as basic units (transistors, 
diodes, …) of electronic devices



E. Runge, E.K.U.G., PRL 52, 997 (1984)

Basic 1-1 correspondence:
The time-dependent density determines uniquely 
the time-dependent external potential and hence all 
physical observables for fixed initial state.
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Time-dependent density-functional formalism

KS theorem:

The time-dependent density of the interactingsystem of interest can 
be calculated as density

of an auxiliary non-interacting (KS) system

with the local potential
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proof (basic idea):
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The TDKS equations follow (like in the static 
case)   from:
i) the basic 1-1 mapping and 
ii) the TD V-representability theorem (R. van 
Leeuwen, PRL 82, 3863 (1999)).

A TDDFT variational principle exists as well  
(R. van Leeuwen, PRL 80, 1280 (1998)). 



Simplest possible approximation for [ ]( )tr�vxc

�

Adiabatic Local Density Approximation (ALDA)
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hom
stat,xcv = xc potential of static homogeneous e-gas

Approximation with correct asymptotic -1/r behavior: 
time-dependent optimized effective potential

C. A. Ullrich, U. Gossmann, E.K.U.G., PRL 74, 872 (1995)



LINEAR RESPONSE THEORY

t = t0 : Interacting system in ground state of potential v0(r) with density rrrr 0(r)
t > t0 : Switch on perturbation v1(r t) (with v1(r t 0)=0). 

Density: rrrr (r t) = rrrr 0(r) + drdrdrdr (r t)

Consider functional rrrr [v](r t) defined by solution of interacting TDSE

Functional Taylor expansion of rrrr [v] around vo:
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rrrr 1(r,t) = linear density response of interacting system
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Analogous function rrrr s[vs](r t) for non -interacting system
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GOAL : Find a way to calculate rrrr 1(r t) without explicitly evaluating 
cccc(r t,r't') of the interacting system

starting point:    Definition of xc potential

[ ] ( ) [ ] ( ) [ ] ( ) [ ] ( )r t�vr t�vr t�v:r t�v HextSxc     --=

Notes: • vxc is well-defined through non-interacting� interacting 1-1 
mapping.

• vS[rrrr ] depends on initial determinant FFFF 0.
• vext[rrrr ] depends on initial many-body state YYYY 0.

��� � In general, 
only if system is initially in ground-statethen, via HK, FFFF 0

and YYYY 0 are determined by rrrr 0 and vxc depends on rrrr alone.
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Act with this operator equation on arbitrary v 1(r t) and use cccc v1 = rrrr 1 :

• Exact integral equation for r 1(r t), to be solved iteratively

• Need approximation for

(either for fxc directly or for vxc)
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Total photoabsorption cross section of the Xe atom versus photon 
energy in the vicinity of the 4d threshold.

Solid line: self-consistent time-dependent KS calculation [A. Zangwill and P. 
Soven, Phys. Rev. A 21, 1561 (1980)]; crosses: experimental data [R. Haensel, G. 
Keitel, P. Schreiber, and C. Kunz, Phys. Rev. 188, 1375 (1969)].



Photo-absorption in weak lasersPhoto-absorption in weak lasers

continuum 
states

unoccupied 
bound states

occupied 
bound states

I 1

I 2

No absorption if   wwww <  lowest excitation energy

Laser frequency  wwww
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Standard linear response formalism

H(t0) = full static Hamiltonian at t0

full response function

( ) mEmtH m0 = ¬¬¬¬ exact many-body eigenfunctions
and energies of system

��� � The exact linear density response

has poles at the exact excitation energies  WWWW= Em - E0
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Discrete excitation energies from TDDFT

Basic idea: Use TDDFT representation of linear density response 

to determine the poles of � 1(� ) :

( ) ( ) ( ) ( ) ( ) ( )( )wrw+wr+wwc=wr 1xc1C1S1 f̂Ŵvˆ



Atom
Experimental Excitation

Energies 1S®®®® 1P
(in Ry)

KS energy
differences
DDDDÎÎÎ Î KS (Ry)

DDDDÎÎÎ Î KS + K

Be 0.388 0.259 0.391

Mg 0.319 0.234 0.327

Ca 0.216 0.157 0.234

Zn 0.426 0.315 0.423

Sr 0.198 0.141 0.210

Cd 0.398 0.269 0.391

from: M. Petersilka, U. J. Gossmann, E.K.U.G., PRL 76, 1212 (1996)

DDDDE = DÎDÎDÎDÎ KS +  K

ÎÎÎ Î j - ÎÎÎ Î k
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Excitation energies of CO molecule

State WWWWexpt KS-transition DDDDÎÎÎ Î KS DDDDÎÎÎ Î KS + K

A 1PPPP 0.3127 5SSSS®®®® 2PPPP 0.2523 0.3267

a 3PPPP 0.2323 0.2238

I
1SSSS - 0.3631 1PPPP®®®® 2PPPP 0.3626 0.3626

D 1DDDD 0.3759 0.3812

a'
3SSSS+ 0.3127 0.3181

e
3SSSS - 0.3631 0.3626

d
3DDDD 0.3440 0.3404

approximations made:  vxc and  fxc
LDA ALDA

T. Grabo, M. Petersilka and E.K.U. Gross, J. Mol. Struct. (Theochem) 501, 353 (2000)



Quantum defects in Helium

Bare KS
exact
x-ALDA
xc-ALDA (VWN)
x-TDOEP
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[ ].u.a   
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1
E 2

n

n
m-
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M. Petersilka, U.J. Gossmann and E.K.U. Gross, in: Electronic Density 
Functional Theory: Recent Progress and New Directions, J.F. Dobson, G. Vignale, 
M.P. Das, ed(s), (Plenum, New York, 1998), p 177 - 197.



Ribbon diagram of the wt-GFP 
structure. The aaaa-helices are shown 
in red, the bbbb-strands are shown in 
green, and the chromophore is 
shown as a ball-and-stick model.

Brejc et al., Proc. Natl. Acad. Sci. 94, 
2306 (1997)



Computed photoabsorption cross 
section of the neutral (thick solid line) 
and anionic (thick dashed line) GFP 
chromophores, along with experimental 
results (thin solid line and crosses, 
respectively). 
For comparative purposes, the anionic 
results is divided by 4 with respect to 
the neutral results. 

Marques et al., PRL 90, 258101 (2003)

Inset: decomposition of the 
computed spectra of the 
neutral chromophore in the 
three directions, showing the 
inherent anisotropy of the 
GFP molecule.

GFP-chromophoreGFP-chromophore



Failures of ALDA in the linear response regimeFailures of ALDA in the linear response regime

• response of long chains strongly overestimated
(see:Champagne et al., J. Chem. Phys. 109, 10489 (1998) and 110, 11664 (1999))

• in periodic solids, whereas,

for insulators, divergent.
2

0q
exact
xc q1   f ¾¾ ®¾ ®

( ) ( )r=rw c,,qf ALDA
xc

• charge-transfer excitations not properly described 
(see:Dreuw et al., J. Chem. Phys. 119, 2943 (2003))

• H2 dissociation is incorrect:

(see:Gritsenko, van Gisbergen, Görling, Baerends, J. Chem. Phys. 113, 8478 (2000))
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ALDA

How good is ALDA for solids?

optical absorption (q=0)

Solid Argon



OBSERVATION :
In the long-wavelength-limit (q = 0), relevent for optical 
absorption, ALDA is not reliable. In particular, excitonic
lines are completely missed. Results are very close to RPA. 

EXPLANATION :
In the TDDFT response equation, the bare Coulomb interaction
and the xc kernel only appear as  sum (WC + fxc). For q     0, 
WC diverges like 1/q2, while fxc in ALDA goes to a constant.
Hence results are close to fxc = 0 (RPA) in the q      0 limit.

CONCLUSION:
Approximations for f xc are needed which, for q      0, correctly
diverge like 1/q2. Such approximations can be derived from 
many-body perturbation theory (see, e.g., L. Reining, 
V. Olevano, A. Rubio, G. Onida, PRL 88, 066404 (2002)).



WHAT ABOUT FINITE Q??

see: H.C. Weissker, J. Serrano, S. Huotari,
F. Bruneval, F. Sottile, G. Monaco, M. Krisch,
V. Olevano, L. Reining, Phys. Rev. Lett. 97, 
237602 (2006)



Silicon:  Loss function   Im� (q,� )





Time-Dependent DFT for Quantum Transport



Standard approach: Landauer formalism plus static DFT

left lead L
central 

region C right lead R

( ) ( ) ( )[ ]� m--m-=  EE V,ET dE 
h
e

  )V(I 21 ff

Transmission function T(E,V) 
calculated from staticDFT
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ChrysazineChrysazine

Chrysazine 1

Chrysazine 2

Chrysazine 3

 

O

O

OH OH

0.0 eV 3.35 eV

0.54 eV 3.41 eV

1.19 eV 3.77 eV

Relative Total Energies andHOMO-LUMO Gaps



Chrysazine 1
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Chryzazine: A possible optical switch



left lead L
central 

region C right lead R

Why time-dependent transport?



• Landauer theory is for non-interactingelectrons. If static density 
functional theory (DFT) is used for effective potential �
resonant tunneling at the wrong energies � Landauer current 
does not give true current even for the exact exchange-
correlation potential of static DFT. � [Landauer + static DFT]-

approach in principle wrong.

left lead L
central 

region C right lead R

Why time-dependent transport?



Atom 
Experimental Excitation 

Energies 1S®®®® 1P 
(in Ry) 

KS energy 
differences 
DDDDÎÎÎ Î KS (Ry) 

TDDFT 
response 

(Ry) 
Be 0.388 0.259 0.391 

Mg 0.319 0.234 0.327 

Ca 0.216 0.157 0.234 

Zn 0.426 0.315 0.423 

Sr 0.198 0.141 0.210 

Cd 0.398 0.269 0.391 
 

from: M. Petersilka, U. J. Gossmann, E.K.U.G., PRL 76, 1212 (1996)

How serious is this problem?
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Molecular Electronics with TDDFT

left lead L
central 

region C
right lead R

TDKS equation



Effective TDKS Equation for the central (molecular) region

S. Kurth, G. Stefanucci, C.O. Almbladh, A. Rubio, E.K.U.G., 
Phys. Rev. B 72, 035308 (2005)
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source term:   L � C  and  R � C  charge injection

memory term:   C � L � C and  C � R � C hopping
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with Green’s Functions of left and right leads:



Example: ELECTRON PUMP

Device which generates a net current between two 
electrodes (with nostatic bias) by applying a time-
dependent potential in the device region  

Recent experimental realization : Pumping through 
carbon nanotube by surface acoustic waves on 
piezoelectric surface (Leek et al, PRL 95, 256802 (2005)) 
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Pumping through a square barrier 
(of height 0.5 a.u.) using a 
travelling wave in device region
U(x,t) = Uosin(kx-wt)
(k = 1.6 a.u., w = 0.2 a.u.
Fermi energy = 0.3 a.u.)

Density contours 



Copyright: Archimedes (250 BC)







�������
����	�


���������	��
�
�� 
������


