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Abstract

For practical computational electronic structure calculations an important and comple-
mentary alternativ e to density functional theory in situations where high accuracyis required
is the quantum Monte Carlo method. This hasmany attractiv e featuresfor probing the elec-
tronic structure of real systems. In particular, it is an explicitty many-particle technique
which takes electron correlation into accourt from the outset, and gives consisten, highly
accurate results while at the sametime exhibiting favourable (cubic or better) scaling of
computational costwith systemsize. In this article | briey review the presen state of the
art, and outline the implementation of the method in the Cambridge quantum Monte Carlo
code "CASINO' [1, 2].

1 Introduction

The continuum Quantum Monte Carlo (QMC) method has beendeveloped to calculate the properties of
assenblies of interacting quantum patrticles. It is generally capable of doing sowith great accuracy The
various di erent techniqueswhich lie within its scope have in common the use of random sampling and
this is usedbecausdt represerts by far the most e cien t way to integrate numerically (wave) functions in
many dimensions. In this article | shall give a brief introduction to the two most commontypesof QMC,
namely variational Monte Carlo (VMC) and di usion Monte Carlo (DMC) [3, 4]. As we shall see,the
rst of thesetechniquesis simplein conceptand is designedjust to samplea giventrial wave function and
calculate the expectation value of the Hamiltonian using Monte Carlo numerical integration. DMC is one
of a classof so-called ‘projector’ methods which attempt the much more dicult job of simultaneously
creating and sampling the unknown exact ground state wave function. Other variants, including those
aimed at expanding the scope of the method to nite temperature suc as path integral Monte Carlo
(PIMC) [5, 6], or thosedesignedto nd the exact non-relativistic energyovercomingthe small xed-no de
approximation madein DMC (such asfermion Monte Carlo (FMC) [7, 8, 9]) will not be discussedn any
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detail here. The interested reader is invited to consult the literature for more detailed discussions(the
extensive bibliography in Ref. [4] is a good placeto start).

QMC is perhapsbest known for its early application to the homogeneouslectron gasby Ceperley and
Alder [10], the results of which were used to develop accurate parametrizations of the local density
approximation to density functional theory (DFT) in the early 1980s. However, it is of courseperfectly
possibleto apply the method to real systemswith atoms, and for small moleculescortaining helium
and hydrogen QMC gives total energieswith an extraordinary accuracy greater than 0.01 kcal/mole
( L5 10°Haor4 10*eV). In onewell-known QMC study of the H + H, ! Hy+H potential
energy surfacetens of thousandsof points with accuraciescloseto this value were computed [11]. Despite
such capabilities the technology of QMC is neither mature nor particularly widely used; its routine
application to arbitrary nite and periodic systems, particularly those containing heavier atoms, has
long beenjust out of reach and there are still many open methodological and algorithmic problems to
interest the computational electronic structure theorist. The situation is clearly changing however, and
it ought now to be a matter of routine for peopleto perform accurate a posteriori QMC ewaluations of
the correlation energystarting from the results of molecular orbital or band theory calculations. Systems
and problemsfor which accurate calculations of the total energyactually matter, and for which DFT (for
example)is not su cien tly accurate,are likely more numerousthan is generally believed. To this end, our
group in the Cavendish Laboratory of Cambridge University has over many years developed a general-
purpose QMC computer program - CASINO [1, 2]. This is capable of performing both variational and
di usion Monte Carlo calculations on a wide variety of systems,which may be nite (atoms or molecules)
or have periodic boundary conditions in one, two or three dimensions, i.e., polymers, slabs (surfaces)
or crystalline solids. The code may also be usedto study situations without an external potential such
as the homogeneouselectron gas, Wigner crystals, and various electron-hole phases. We will describe
CASINO in more detail preserily.

One of the main reasonsthat QMC is currently attracting so much interest is the scaling behaviour of
the necessarycomputational e ort with system size. This is favourable enoughthat we can cortinue to
apply the method to systemsas large as are treated in corvertional DFT (albeit with a considerably
bigger pre-factor, and thus probably not on the same computers). In fact, QMC represens the most
accuratemethod available for medium-sizedand large systems. Other quantum chemistry correlated wave
function methods basedon the “standard model' of multideterminant expansions- such as con guration

interaction or high-order coupled cluster theory - are capable of similar accuracyfor systemscontaining
a few electrons, but asthe sizeof the moleculeis increasedthey quickly becometoo expensive. Standard
Quantum Monte Carlo calculations scaleas the third power of the system size (the sameas DFT), and
are capable of treating solid crystalline phasesas well as molecules. The largest calculations done to
date on the more expensive periodic systemsusing the regular algorithm include almost 2000 electrons
per cell in the three-dimensional electron gas [12], 1732 electrons (432 atoms) per cell in crystalline
silicon [13], and 1024 electrons (128 atoms) per cell in antiferromagnetic nickel oxide [14]. Furthermore
the natural obsenation has beenmade that provided localized molecular or crystalline orbitals are used
in constructing the QMC trial wave function, and provided theseorbitals are expandedin a localizedbasis
set, then the scaling of the basic algorithm can be substartially improved, even as far as linear scaling
in somecases[15, 16]. This capability, to be discussedin Section4.2, hasrecertly beenintroduced into
CASINO and this should considerably extend the range of problemsthat may be studied.

Before we go further, it will be usefulto list someother favourable properties of the method :

- For most practical purposesthe “basisset problem' is essetially absert in DMC; errors due to the use
of a nite basis set are very small since the many-electron wave function is not represeried directly in
terms of a basis set, but rather by the distribution of an ensenble of particles ewolving in (imaginary)
time. The basis set that is employed in DMC is just usedto expand a guiding function required for
importance sampling. The nal DMC energy dependsonly weakly on the nodal surface of this function
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(i.e., the set of points in con guration spaceon which the function is zero).

- The QMC algorithm is intrinsically parallel and Monte Carlo codesare thus easily adapted to parallel
computers and scalelinearly with the number of processors. There are no memory or disk bottlenecks
even for relatively large systems.

- We can use many-electron wave functions with explicit dependenceon interparticle distancesand no
needfor analytic integrability.

- We can calculate ground states, some excited states, chemical reaction barriers and other properties
within a single uni ed framework. The method is size-consisteh and variational.

One may ask why one should formulate a method basedon the many-electron wave function when so
much stressis normally placed on reducing the number of variables in the quantum problem (by using,
e.g., density, Green's functions, density matrices or other quantities which depend on fewer indepen-
dent variables). The main point is that the many-electron wave function satis es a rather well-known
fundamental equation [17]:

B (rirgiinrn)=E(rgrgiinrm) (1)

The price we pay for reformulating the problem in terms of the density is that we no longer know
the exact equation satis ed by the density. In DFT, the complicated many-body problem is e ectiv ely
relocated into the de nition of the exchange-correlationfunctional, whosemathematical expressionis not
currently known and unlikely ever to be known exactly. The inevitable approximations to this quartity
substartially reducethe attainable accuracy

Widely-used standard solid state texts often refute the possibility of solving the many-electron Schredinger
equation directly in any meaningful way for large crystalline systems. To take a particular example,
Ashcroft and Mermin [18] state that, “onehas no hope of solving an equation such asEq. 1' and one must
reformulate the problem in such a way as'to makethe one-electronequationsleastunreasonable'. The key
simplifying physical idea to allow oneto treat crystalline solids however, is not the use of one-electron
orbitals but simply the imposition of periodic boundary conditions. One can then have an explicitly
correlated many-body wave function (i.e., with explicit dependenceon the interparticle separations),in
a box, embeddedin anin nite number of copiesof itself. The “particles' in the many-body wave function
are no longer individual electrons,but electronsin the cell we are focussingon moving in tandem with all
of their periodic images. Clearly in order for this to have any chanceof being an accurate approximation,
the range of the electron-electronpair correlation function must be substartially shorter than the repeat
distance and the box must be large enoughsothat the forceson the particles within it are very closeto
thosein the bulk. If not, then we may get substartial " nite-size errors'.

This problem is analagousto, but not quite the sameas, the problem of represerting an in nite system
in DFT calculations. In that caseBloch's theorem is usedin the extrapolation to in nite systemsizeso
that the problem of calculating an in nite  number of one-electronstates reducesto the calculation of a
nite number (equal to the number of electronsin the primitiv e cell) of statesat an in nite  number of k
points. Becausethe energyof statesat k points which are closetogether are very similar, the k spacemay
be “sampled'and if this is done e cien tly the calculated energy per cell approachesthat in the in nite

system. The situation in QMC is a little di erent sincethe explicit correlation betweenelectronsmeans
that the problem cannot be reducedto the primitiv e cell; a one-electronwave function ona2 2 2k
point grid correspondsto a many-electron wave function for a2 2 2 supercell in real space. There
is a “'many-body Bloch theorem' expressingthe invariance of the Hamiltonian under translations of all
electrons by a primitiv e lattice vector or of a single electron by a supercell lattice vector [19], and thus
there are two k vectors assaiated with the periodic many-body wave function. The error analagousto
inadequateBrillouin zonesampling can be made smaller either by increasingthe sizeof the simulation cell
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or by choosingthe k valuesusing “special k point' techniques[20]. An additional type of nite-size error
arisesin periodic QMC calculations (though not in DFT) when calculating interactions betweenparticles
with long-range Coulomb sums. The di erence is that in QMC we deal with instantaneous positions of
electron con gurations, rather than with the interaction of averageddensities. When using the standard
Ewald formulation [21, 22], the choice of boundary conditions leadsto an e ectiv e depolarization eld

which is supposedto cancelthe eld due to notional surface charges. As all periodic copies of the
simulation cell contain, for example, the samenet dipole due to the random arrangemert of electrons
with respect to nuclei the interaction of the dipolesand the eld givesrise to "Coulomb nite sizeerrors'.
These can be substartially reducedby using special techniques[23].

A few yearsagoin his Nobel prize-winning addressWalter Kohn suggestedthat the many-electron wave
function is not a legitimate sciertic concept for more than about a thousand particles [24]. Doesthis
meanwe're in trouble if we usethem in QMC? The main idea behind this statemert is that the overlap of
an approximate wave function with the exactonewill tend exponertially to zeroasthe number of particles
increasesunlessoneusesa wavefunction in which the number of parametersincreasesexponertially . Sud
an object would not be computable for large systems. This is indeedtrue, asis easyto verify by calculating
the overlap integral directly using VMC [25]. Note that one doesnot needthe exact wave function itself
to perform this calculation. Rather one can evaluate the overlap between a single-determinart wave
function on its own and multiplied by a Jastrow correlation function. The fact that thesesharethe same
nodal surface doesnot matter since Kohn's argumert is basedsolely on the high-dimensionality of the
overlap integrals rather than, say, the explicit cancellation of positive and negative regions. However,
his objection is almost certainly not relevant to the sort of QMC calculations discussedhere. Clearly
the successfulDMC calculations of systemscontaining up to 2000 electrons mertioned earlier provide
some evidencein this direction. Kohn's argumernts were used to motivate density functional theory
(DFT), but it is possibleto argue that, within the standard Kohn-Sham formulation, DFT su ers from
exactly the sameoverlap “catastrophe’. For a large systemthe overlap of the determinant of Kohn-Sham
orbitals with the exact one will go to zero becauseof the inevitable numerical inaccuraciesand the
approximations to the exchange-energyfunctional. Fortunately the overlap “catastrophe'is irrelevant to
calculating the quartities of interest. As Kohn himself points out, we are interested in quartities suc
asthe total energy which can be accurate even when the overlap with the exact wave function goesto
zero. To get the energy right it is required only that relatively low-order correlation functions (such as
the pair-correlation function) are well-described and QMC seemsto managethis very well.

To understand how accurate the total energiesmust be we note that the main goal is to calculate the
energy di erence betweentwo arrangemerts of a set of atoms. The desired result might be the energy
required to form a defect, or the energy barrier to some process,or whatever. All electronic structure
methodsfor large systemsrely on a cancellation of errorsin energydi erences. For such error cancellations
to occur we require that the error in the energyper atom is proportional to the number of atoms. If this
condition was not satis ed then, for example,the cohesiwe energywould not have a well de ned limit for
large systems. Many VMC (and DMC) calculations have demonstrated that the commonly-usedSlater-
Jastrow form of many-body wave function leadsto errors which are proportional to the number of atoms,
and typically givesbetween70 and 80% of the correlation energyindependert of systemsize. Additional

requiremerts on QMC algorithms are that the number of parametersin the trial wave function must not
increasetoo rapidly with systemsizeand that the wave function be easily computable. Fortunately the
number of parametersin a Slater-Jastrow wave function increasesonly linearly with system size or at
worst as the square of the system size, and it can be evaluated in a time which risesas a low power of
the systemsize.
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2 QMC algorithms

In this section, we will look at the basicideasand algorithms underlying VMC and DMC.

2.1 Variational Monte Carlo

2.1.1 Basics

With variational methods we must “guess'an appropriate many-electron wave function which is then used
to calculate the expectation value of the Hamiltonian operator. In generalthis wave function will depend
on a set of parametersf g which can be varied to optimize the function and minimize either the energy
or the statistical variance. The energythus obtained is an upper bound to the true ground state energy

h+(f Qi 1(f g)i

A of <0 9i - C0 9 Fo @)

The expectation value of the Hamiltonian H with respect to the trial wave function 1 can be written
as

EL(R) 2(R)dR
i = JELR) FR)AR, @)
J 2(R)dR
where R is a 3N dimensional vector giving the coordinates (rq;ro;:::;rn) of the N particles in the
system,and E_ (R) = % is known asthe local enemy.

We can evaluate this expectation value by using the Metropolis algorithm [26] to generatea sequenceof
con gurations R distributed accordingto 2(R) and averagingthe corresponding local energies,

Wi L M (R

|—m§EL(Ri) M; TR 4)
The question of whether or not we get the right answer with this approad is just one of complexity ;
can we create a wave function with enoughvariational freedomsothat the energy approachesthe exact
(non-relativistic) ground state energy? The answer in generalis no. There is no systematic way in which
one can improve the wave function until the correct answer is reached, and in general, we shouldn't
normally expect to recover much more than 80% of the correlation energyin this way. As we shall see,
the the nal 20% or so can be calculated by feeding the VMC wave function into a projector method
such as DMC. This, to my mind, is the main use of VMC and in our laboratory we rarely useit asa
method in its own right when performing calculations. With this attitude, it is not generally necessary
to kill oneselfoptimizing wave functions in order to recover an extra 1% of the correlation energy with
VMC - it is better to use DMC and let the computer do the work for you. Although the e ciency of
the DMC calculations is increasedwith more accurate trial functions, the nal DMC energy doesnot in
principle depend on that part of the wave function that we generally optimize.

2.1.2 The form of the trial wave function

Clearly, however, for VMC the choice of the trial function is particularly important asit directly deter-
mines the accuracy of the calculation ; the answer will approad the true energy from above as we use
better and better wave functions. An additional consideration is the “zero variance principle’. As the
trial function approadcesan exact eigenstatethe local energy ¥ approachesa constart, E, everywhere
in con guration space(chedk the Schredinger equation again!) and hencethe variance approaches zero.
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Through its direct in uence on the variance of the energy the accuracy of the trial wave function thus
determinesthe amount of computation required to achieve a speci ed accuracy When optimizing wave
functions, one can therefore chooseto useenergy or variance as the objective function to be minimized.

The fact that arbitrary wave function forms can be usedis one of the de ning characteristics of QMC.
We do not needto be able to integrate the wave function analytically, asis donefor examplein quantum
chemistry methods with Gaussianbasisfunctions. We just needto be able to evaluateit at a point in the
con guration space.If the electronsand nuclei have certain xed positions in space,what is the value of
the wave function? This being the case,we can usecorrelated wave functions which depend explicitly on
the distancesbetweenparticles. The most commonly-usedfunctional form is known asthe Slater-Jastrow
wave function [27]. This consistsof a single Slater determinant (or sometimesa linear combination of a
small number of them) multiplied by a positive-de nite Jastrow correlation function which is symmetric
in the electron coordinates and depends on the inter-particle distances. The Jastrow function allows
e cien t inclusion of both long and short range correlation e ects. As we shall seehowever, the nal

DMC answer dependsonly on the nodal surfaceof the wave function and this cannot be a ected by the
nodelessJastrow. In DMC it servesmainly to decreasethe amount of computer time required to achieve
a given statistical error bar and improve the stability of the algorithm.

The basic functional form of the Slater-Jastrow function is

(X) =Y cDa(X); (5)

n

Jastrow factor, the ¢, are coe cien ts, and the D,(X) are Slater determinants of single-particle orbitals,

1(x1)  1(x2) D 1(Xn)
D(X) = 2(.x1) 2(.x2) 2(?(N) )
N(X1)  N(x2) o N (XN )

The orbitals in the determinants are often obtained from self-consistem DFT or Hartree-Fock calculations
and are assumedto be products of spatial and spin factors,

)= (@) ; )
Here . =1if = and zero otherwise. If the determinant contains N orbitals with =" and
N; =N Nj;with = #, it is an eigenfunction of S, with eigervalue (N N;)=2. To avoid having to

sum over spin variablesin QMC calculations, one generally replacesthe determinants D, by products of
separateup- and down-spin determinants,

(R)= eJ(R)chDrT](rl;:::;rN..)Dr%(rN.‘ L1IIIND (8)

antisymmetric under exchangeof electronswith opposite spinsbut it can be showvn that it givesthe same
expectation value as ( X) for any spin-independert operator. Note that the use of wave function forms
in QMC which allow oneto treat non-collinear spin arrangemerts and the resultant vector magnetization
density is an interesting open problem, and we are currently working on developing such an algorithm [28].

The full Jastrow functions that we typically usein CASINO contain one- and two-electron terms and
may be inhomogeneous,i.e., depend on the distances of the electrons from the ions. Their functional
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form is quite complicated and involvessumsin Chebyshev polynomials. However just to give you a feel
for it, a simple Jastrow function for a homogeneoussystem such asthe electron gas might look like :

. A Cri =
e® with J(R)= > u, (rj) and u; (rj)= — (1 e " = i) : 9)
i>] )
whererjj is the distance betweenelectronsi and j, and F is chosenso that the electron-electron cusp
conditions are obeyed i.e. Fy;1 = = 2A and F;; = = A. The value of A, and the coe cien ts in the
Chebyshev expansionin the full version of the Jastrow function, will needto be optimized using, for
example, variance minimization.

2.1.3 Optimization of trial wave functions

In our discussionso far we have said nothing about how we actually perform the wave function opti-
mization, and this is clearly a critical step. Our code CASINO, for example, allows optimization of the
parameters in the Jastrow factor, of the coe cien ts of the determinants of a multi-determinant wave
function, and of various parametersin specializedwave functions suc as pairing parametersin electron-
hole gasesand Pade coe cien ts in orbitals in Wigner crystals. Optimizing the orbitals themselesin the
presenceof the Jastrow factor would be a good thing to be ableto do, sinceit optimizesthe nodal surface
in somesenseand allows improvemert of the DMC answer. This remains an active problem, although
someprogresshas beenmade [29, 30].

There are many approachesto wave function optimization, but asfar asour code is concerned,optimiza-
tion of the wave function is achieved by minimizing the variance of the energy

J 2()IEL() Ev()IPdR
J 2()dRrR '

where is the set of parameters, and Ey is the variational energy There are a number of reasonsfor
preferring variance minimization over energy minimization (including the fact that the variance has a
known lower bound of zero) but the most important is that it appearsto show better numerical stability,
particularly in large systems[31].

e( )=

(10)

Minimization of £ is carried out via a correlated-sampling approach in which a set of con gurations
distributed accordingto ?( o) is generated,where  is aninitial setof parameter values. The variance
2 ( ) is then evaluated as

J 2CoW()IEL() Ev()PPdR

2 —
e()= T2 oy w( )R ’

(11)

where I 2wl )EL( )R
_ 0) W L )
Bv() = LB (12)

and the integrals contain a weighting factor, w( ), given by

2
W)=

)

(13)

The parameters are adjusted until 2 ( ) is minimized. The advantage of the correlated-sampling
approad is that one does not have to generatea new set of con gurations ewvery time the parameter
valuesare changed.

In order to create a set of con gurations distributed accordingto 2( (), a VMC “con guration genera-
tion' run must rst be carried out. This is just an ordinary VMC run where “snapshots'of the systemare
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created by writing the current electron positions and assa@iated interaction energiesto a le. To perform
the actual minimization, we then usean algorithm which performs an unconstrained minimization (with-
out requiring derivatives) of a sum of m squaresof functions which contain n variables, wherem n.
Having generateda new set of parameterswith this algorithm, we then carry out a secondcon guration
generation run with these parametersfollowed by a secondvariance minimization run, and soon. Gen-
erally very few such “iterations' are required before the minimum is approached. The procedurecan be,
and in CASINO is, thoroughly automated and providing a systematic approad is adopted, optimizing
VMC wave functions is not the complicated time-consuming businessit oncewas. This is particularly
the caseif one requiresonly the optimized wave function for input into a DMC calculation, rather than
being concernedwith lowering the VMC energy as much as possible.

2.1.4 VMC conclusions

Although VMC can be quite powerful when applied to the right problem, the necessiy of guessingthe
functional form of the trial function limits its accuracy and there is no known way to systematially
improve it all the way to the exact non-relativistic limit. In practice therefore, the main useof VMC is
in providing the optimized trial wave function required as an importance sampling function by the much
more powerful DMC technique, which we now describe.

2.2 Diusion Monte Carlo

Let usimagine that we are ignorant, or have simply not beenpaying attention in our quantum mecdanics
lectures, and that we believe that the wave function of the hydrogen atom looks like a squarebox certred
on the nucleus. If we tried to calculate the expectation value of the Hamiltonian using VMC we would
obtain an energy which was substartially in error. What DMC can do, in essencejs to correct the
functional form of the guessedsquare box wave function so that it looks like the correct exponertially-
decaying one before calculating the expectation value. This is a nice trick if you can do it, particularly
in caseswhere we have very little idea of what the exact ground state wave function looks like (that is,
almost all of them). Clearly the necessaryalgorithm is rather more involved than the VMC.

Essertially then, the DMC method is a stochastic projector method for ewlving the imaginary-time
Sdredinger equation,

GRY - L(Rin+ (vR) EN(RiY: 14)
@ 2
Here the real variable t measuresthe progressin imaginary time and R is a 3N -dimensional vector of
the positions of the N electrons. V(R) is the potential energy operator, Et is an energy o set which
only a ects the normalization of the wave function , andr = (r 1;r 9;:::;r n) is the 3N -dimensional
gradient operator.

This equation hasthe property that an initial starting state ( R;t = 0) decays towards the ground state
wave function. In DMC the time ewolution of Eq. 14 may be followed using a stochastic technique in
which ( R;t) is represeried by an ensenble of 3N -dimensional electron con gurations (‘walkers'), fRg.
The time ewolution of these con gurations is governed by the Green's function of Eq. 14. Within the
short time approximation the Green's function separatesinto two processes:random di usiv e jumps of
the con gurations arising from the kinetic term and creation/destruction of con gurations arising from
the potential energyterm.

Unfortunately this simple algorithm su ers from two very seriousdrawbacks. The rst is that we have
implicitly assumedthat is a probability distribution, even though its fermionic nature meansthat it
must have positive and negative parts. The secondproblem is lessfundamertal but in practice very se\ere.
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The required rate of removing or adding con gurations divergeswhenthe potential energydiverges,which
occurs wheneer two electronsor an electron and a nucleusare coincidert. This leadsto extremely poor
statistical behaviour.

Theseproblems are dealt with at a single stroke by intro ducing an importance sampling transformation.

If we considerthe mixed distribution f = 1, where < is known asthe trial or guiding wave function,
and substitute into Eq. 14 we obtain
GED- SrnRr MRIRYI+ER) EDIR:D; (15)

wherevp (R) is the 3N -dimensional drift velccity de ned by

Vo(R)=r Inj 1(R)j= %; (16)
and
@)= 1 5eveR) v a7

is the local energy This formulation imposesthe xed-node approximation [32]. The nodal surfaceof a
wave function is the surfaceon which it is zeroand acrosswhich it changessign. The nodal surfaceof is
constrainedto be the sameasthat of 1 andthereforef canbeinterpreted asa probability distribution.

The time ewolution generatesthe distribution f = 1, where isthe best(lowestenergy)wave function
with the samenodesas t. The problem of the poor statistical behaviour due to the divergencesn the
potential energyis alsosolvedbecausethe term (V(R) Es) in Eq. 14 hasbeenreplacedby (E. (R) Er)
which is much smoother. Indeed,if 1 wasan exacteigenstatethen (E_ (R) E+) would beindependen
of position in con guration space. Although we cannot in practice nd the exact 1 it is possibleto
eliminate the divergencesn the local energy by choosinga 1 which hasthe correct cusp-like behaviour
whene\er two electronsor an electron and a nucleus are coincidert [33]. The xed-no de approximation

implies that we solve independertly in di erent nodal pockets, and at rst sight it appearsthat we haveto
solve the Schredinger equation in every nodal pocket, which would be an impossibletask in large systems.
Howevwer, the tiling theorem for exact fermion ground states [34, 35] assertsthat all nodal pockets are in
fact equivalert and therefore one only needsolve the Schrodinger equation in one of them. This theorem
is intimately connectedwith the existenceof a variational principle for the DMC ground state energy[35].

A DMC simulation proceedsas follows. First we pick an ensenble of a few hundred con gurations
chosenfrom the distribution j tj? using VMC and the standard Metropolis algorithm. This ensenble
is ewolved according to the short-time approximation to the Green function of the importance-sampled
imaginary-time Sdredinger equation (Eq. 15), which involvesbiaseddi usion and addition/subtraction
steps. The biasin the di usion is causedby the importance sampling which directs the sampling towards
parts of con guration spacewherej +tj is large. After a period of equilibration the excited state contri-
butions will have largely died out and the con gurations start to trace out the probability distribution
f (R)=/f(R)dR. We can then start to accurrulate averages,in particular the DMC energy Ep, which
is given by

A (fFi)(ERL)(:FZ dR iZEL(Ri): (18)
This energy expressionwould be exact if the nodal surfaceof 1 was exact, and the xed-no de error
is secondorder in the error in the nodal surfaceof 1 (when a variational theorem exists [35]). The
accuracy of the xed node approximation can be tested on small systemsand normally leadsto very
satisfactory results. The trial wave function limits the nal accuracythat can be obtained becauseof the
xed-no de approximation and it also cortrols the statistical e ciency of the algorithm. Like VMC, the
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DMC algorithm satis es a zero-variance principle, i.e., the variance of the energygoesto zeroasthe trial
wave function goesto an exact eigenstate.
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Figure 1: DMC simulation of solid antiferromagneticNiO. In the lower panel, the noisy blackline
is the local enemy after each move, the green (or possibly grey) line is the current best estimate
of the DMC enemy, and the red (slightly di er ent grey) line is E1 in Egn. 15 which is varied to
control the population of con gur ations through a feedback mechanism. As the simulation equili-
brates the best estimate of the enemy, initial ly equal to the VMC enemy, decreasessigni c antly
then approachesa constant - the nal DMC enemy. The upper panel showsthe variation in the
population of the ensembleduring the simulation as walkers are created or destoyed.

3 Miscellaneous issues

In this section| will discusssomepractical issuesrelated to VMC and DMC.

3.1 More about trial wave functions

Single-determinart Slater-Jastrow wave functions often work very well in QMC calculations. For example,
in the ground state of the carbon pseudo-atom, single determinant HF theory retrieves about 98.2% of
the total energy The residual 1.8% is the correlation energy amourting to 2.7 eV in this case,which
is very important for an accurate description of chemical bonding. A determinant of HF orbitals gives
the lowest energy of all single-determinart wave functions and DFT orbitals are often very similar to
them. Theseorbitals are not optimal when a Jastrow factor is included, but it turns out that the Jastrow
factor doesnot changethe detailed structure of the optimal orbitals very much, and the changesare well
described by a fairly smooth changeto the orbitals, which is conveniertly included in the Jastrow factor.

How might we improve on the HF or DFT orbitals in the presenceof the Jastrow factor? Direct opti-
mization of the whole Slater-Jastrow wave function including both the orbitals and Jastrow factor has
not been performed for large systemsdue to the computational cost. A promising technique [29, 3Q] is
to optimize the potential that generatesthe orbitals rather than the orbitals themselves. Grossmanand
Mitas [36] have used a determinant of the natural orbitals which diagonalize the one-electron density
matrix. It is not immediately clear why this should be expected to work in QMC, but the motivation
appearsto be that the convergenceof con guration interaction expansionsis improved by using natu-
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ral orbitals instead of HF orbitals. Howewer, the calculation of reasonably accurate natural orbitals is
computationally demanding, and this approad is not attractiv e for large systems.

Another approach is to introduce “badk o w' correlations which were originally derived from a current
consenation argumert by Feynman and Cohen[37] to provide a picture of the excitations in liquid “He,
although they are alsohelpful in fermionic systems. In the bad o w trial function the electron coordinates
ri appearing in the Slater determinants of Eq. (8) are replaced by quasigrticle coordinates,

N
=ik > () 1) (19)
j=1
(IJ' #i)
wherer; = jri rjj. The optimal function (rj ) may be determined variationally. Kwon, Ceperley, and

Martin [38] found that the introduction of badk o w signi cantly loweredthe VMC and DMC energiesof
the three-dimensional uniform electron gasat high densities (it is expectedto be even more signi cant
in two dimensions). However, the use of back o w wave functions signi cantly increasesthe cost of QMC
calculations becauseone can no longer move the electrons one at time, which is a signi cant saving in
the standard algorithm. The basic scaling of the algorithm with back o w is thus N # rather than N 3.

In somecasesit is necessaryto use multi-determinant wave functions to presene important symmetries
of the true wave function. In other casesa single determinant may give the correct symmetry but a
signi cantly better wave function can be obtained by using a linear combination of a few determinants.
Multi-determinan t wave functions have beenusedsuccessfullyin QMC studies of small molecular systems
and evenin periodic calculations such asthe recert study of the neutral vacancyin diamond dueto Hood et
al. [39]. It is widely believed that a direct expansionin determinants (as usedin con guration interaction
calculations) corvergesvery slowly becauseof the di cult y in describing the strong correlations which
occur when electronsare closeto oneanother. Thesecorrelations result in cuspsin the wave function when
two electronsare coincidert, which are not well approximated by a nite sum of smooth functions [40].
However, this is not the whole story, and Prendergast et al. [41] have pointed out that the cusp is
energetically lessimportant, and that the slow corvergenceof determinant expansionshas a lot to do
with the description of medium-range correlations. In any casethe number of determinants required to
describe the wave function to some xed accuracyincreasesxponertially with the systemsize. Practically
speaking, this rules out the possibility of retrieving a signi cant extra fraction of the correlation energy
with QMC in large systemsvia an expansionin determinants. Methods in which only local correlations
are taken into accourt might be helpful, but overall an expansionin determinants is not a promising
direction to pursue for making QMC trial wave functions for large systems,and the badk o w technique,
while costly, is more likely to be useful.

3.2 Basis set expansions : how to represent the orbitals?

The importance of using good quality single-particle orbitals in building up the Slater determinants in
the trial wave function is clear. The determinant part accourts for by far the most signi cant fraction of
the variational energy However, the evaluation of the single-particle orbitals and their rst and second
derivatives can sometimestake up more than half of the total computer time, and consideration must
therefore be given to obtaining accurate orbitals which can be evaluated rapidly at arbitrary points in
space. It is not dicult to seethat the most critical thing is to expand the single-particle orbitals in a
basisset of localized functions. This ensuresthat beyond a certain systemsize,only a xed number of the
localizedfunctions will givea signi cant contribution to a particular orbital at a particular point. The cost
of evaluating the orbitals doesnot then increaserapidly with the sizeof the system. Note that “localized
basisfunctions' can (1) be strictly zero beyond a certain radius, or (2) can decreasemonotonically and
be pre-screenedbeforethe calculation starts, sothat only those functions which could be signi cant in a
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particular region are consideredfor evaluation.

An alternativ e procedureis to tabulate the orbitals and their derivativeson a grid, and this is feasiblefor
small systemssuc as atoms, but for periodic solids or larger moleculesthe storagerequiremerts quickly
become enormous. This is an important consideration when using parallel computers as it is much
more e cien t to store the single-particle orbitals on every node. Historically a very large proportion of
condensedmatter electronic structure theorists have usedplane-wave basissetsin their DFT calculations.
However in QMC, plane-wave expansionsare normally extremely ine cien t becausehey are not localized
in real space; ewvery basis function contributes at every point, and the required number of functions
increasedinearly with systemsize. Only if there is a short repeat length in the problem are plane waves
not totally unreasonable. Note that this doesnot mean that all plane-wave DFT codes are uselessfor
generatingtrial wave functions for CASINO; a post-processingutilit y can be usedto reexpanda function
expandedin plane-wavesin another localized basisbefore the wave function is input into CASINO. The
usual thing here is to use someform of localized spline functions on a grid such as those used by the
LawrenceLivermore group [15], or the “blip' functions usedby Mik e Gillan's group [42] and implemerted
in CASINO by Dario Alfe[43].

Another pretty good way to do this is to expandthe orbitals in a basisof Gaussian-type functions. These
are localized, quick to evaluate, and are available from a wide-range of sophisticated software padages.
Sud a large expertise has beenbuilt up within the quantum chemistry community with Gaussiansthat
there is a signi cant resistanceto using any other type of basis. A great many Gaussian-basedhackages
have beendeweloped by quantum chemistsfor treating molecules. The most well-known of theseare the
various versionsof the GAUSSIAN padkage[44]. In addition to the regular single determinant methods,
these codesinclude various techniques involving multi-determinant correlated wave functions (although
sadly, not QMC!). This makesthem very exible tools for developing accurate molecular trial wave
functions. For Gaussianbasis setswith periodic boundary conditions, the CRYSTAL program [45] can
perform all-electron or pseudoptential Hartree-Fock and DFT calculations both for moleculesand for
systemswith periodic boundary conditions in one, two or three dimensions,which makesit very useful
asatool for generatingtrial functions for CASINO.

3.3 Pseudop otentials

Pseudopotentials or e ectiv e core potentials are commonly usedin electronic structure calculations to
remove the inert core electronsfrom the problem and to improve the computational e ciency . Although
QMC scalesvery favourably with system sizeit has been estimated that the scaling of all-electron cal-
culations with the atomic number Z is approximately Z%°~65 which e ectiv ely rules out applications to
atoms with Z greater than about ten. The useof a pseudomtential servesto reducethe e ectiv e value
of Z and although errors are inevitably introduced, the gain in computational e ciency is sucient to
make applications to heavy atoms feasible.

Accurate pseudoptentials for single-particle theories such as DFT or Hartree-Fock theory are well de-
veloped, but pseudoptentials for correlated wave function techniques such as QMC presert additional

challenges. The presenceof core electrons causestwo related problems. The rst is that the shorter
length scalevariations in the wave function near a nucleusof large Z require the useof a small time step.

This problem can be signi cantly reduced(in VMC at least) by the use of accelerationschemes[46, 47].

The secondproblem is that the uctuations in the local energytend to be large near the nucleusbecause
both the kinetic and potential energiesare large.

The certral idea of pseudomtential theory is to create an e ectiv e potential which reproducesthe e ects
of both the nucleusand the core electronson the valenceelectrons. This is done separately for ead of
the dierent angular momertum states, so the pseudoptential contains angular momertum projectors
and is therefore a non-local operator.
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It is corveniert to divide the pseudomtential for eac atom into a local part V>>(r) common to all

angular momenrta and a correction, Vn‘ij(r), for eadh angular momertum |. The electron-ion potential
energyterm in the full many-electron Hamiltonian of the atom then takesthe form

Vloc + Vg = Z V1§z(ri) + Z Orﬁj ; (20)

where V'8

nl;i

is a non-local operator which acts on an arbitrary function g(r;) asfollows

[

0% 0(r) = SIVEE) 3 Yin (o) [V () e d £ (21)
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wherethe angular integration is over the spherepassingthrough the r;. This expressioncan be simpli ed

by choosing the z-axis along r;, noting that Y, (0;0) = 0 for m 6 0, and using the de nition of the

spherical harmonicsto give

05 otr) = SV () 252 [Pifeos(l atriyd 22
|

where P, denotesa Legendre polynomial.

It is not currently possibleto construct pseudomtentials for heavy atoms ertirely within a QMC frame-
work, although progressin this direction was made by Acioli and Ceperley [48]. It is therefore currently

necessaryto use pseudoptentials generatedwithin someother framework. Possibleschemesinclude HF
theory and local density functional theory (DFT), wherethere is a great deal of experiencein generating
accurate pseudomtentials. There is evidenceto show that HF pseudoptentials give better results within

QMC calculations than DFT ones, although DFT oneswork quite well in many cases. The problem
with DFT pseudoptentials appearsto be that they already include a (local) description of correlation
which is quite di erent from the QMC description. HF theory, on the other hand, doesnot contain any
e ects of correlation. The QMC calculation puts badk the valence-alencecorrelations but neglectscore-
core correlations (which have only an indirect and small e ect on the valenceelectrons) and core-valence
correlations. Core-valencecorrelations are signi cant whenthe coreis highly polarizable, suct asin alkali-
metal atoms. The core-valencecorrelations may be approximately included by using a “core polarization

potential' (CPP) which represerts the polarization of the core due to the instantaneous positions of the
surrounding electronsand ions. Another issueis that relativistic e ects areimportant for heavy elemeris.
It is still, howewver, possibleto usea QMC method for solving the Schredinger equation with the scalar
relativistic e ects obtained within the Dirac formalism incorporated within the pseudomtentials. The
combination of Dirac HF pseudomtentials and CPPs appearsto work well in many QMC calculations.
CPPs have beengeneratedfor a wide range of elemeris (see,e.g., Ref. [49]).

Many HF pseudomtentials are available in the literature, mostly in the form of setsof parametersfor ts
to Gaussianbasis sets. Unfortunately many of them divergeat the origin, which can lead to signi cant
time step errors in DMC calculations [50]. We have concludedthat none of the available sets are ideal
for QMC calculations, and that would be helpful if we generatedan on-line periodic table of smooth
non-divergert HF pseudomtentials (with relativistic corrections). This project is well on its way to
completion.

Recen developmerts have beenmadethat allow the useof all-electron QMC calculations for much heavier
atoms than has previously beenthe case,basedon reducing the uctuations in the local energynear the
nucleus. Thesedevelopmerts will be described in the following section.
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4 Recent developments

In this section| will describe somerecert improvemerts to the basic algorithms that improve the ability
of QMC to (1) treat heavier atoms with all-electron calculations, and (2) to treat larger systems by
improving the scaling behaviour. Both these features have recertly beenimplemented in the CASINO
code.

4.1 All-electron QMC calculations for heavier atoms

At a nucleusthe exact wave function hasa cuspsothat the divergencein the potential energyis cancelled
by an equal and opposite divergencein the kinetic energy If this cuspis represeried accurately in the
QMC trial wave function therefore, then the uctuations in the local energyreferred to in the previous
section will be greatly reduced. If the wave function is formed from one or more determinants of single-
particle orbitals expanded,for example, in a Gaussianbasis set, then there can be no cuspin the wave
function since Gaussianshave zero gradient at r = 0. The local energy thus divergesat the nucleus.
In practice one nds that the local energy has wild oscillations closeto the nucleus which can lead to
numerical instabilities in DMC calculations. To solve this problem we can make small correctionsto the
single particle orbitals closeto the nuclei which imposethe correct cusp behaviour. Sudc corrections need
to be applied at eat nucleusfor every orbital which is larger than a given tolerance at that nucleus.

It is likely that a number of other researters have developed such schemes,but within the literature we
are only aware of the scheme deweloped by Manten and Lechow [51], which is rather di erent from ours
[52]. Our schemeis basedon the idea of making the one-electronpart of the local energyfor ead orbital,
He  nite at the nucleus. Boe is given by

|qoe = %r 2 %; (23)
wherer is the distanceto the nucleusof chargeZ. The schemeneedonly be applied to the s-componert of
orbitals certred at the nuclear position in question. Inside someradius r . we replacethe orbital expanded
in Gaussiansby = sgn[ (r = 0)]exp[p], wheresgn[ (r = 0)] denotesthe sign of the Gaussianorbital
atr = Oand pis a polynomial in r. Thereforelnj j = p and the local energyis given by

Hoe Pop op? Z

EL = = - - - 24
- r 2 2 r (24)

We impose v e constraints, that p(rc), p'(rc), and p”(rc) are continuous,that p’(0) = Z (to satisfy the
cusp condition), and that E_(0) is chosento minimize the maximum of the square of the deviation of
E_ (r) from an “ideal curve' of local energy versusradius.

To seethe cusp correctionsin action, let us rst look at a hydrogen atom where the basis set has been
made to model the cusp very closely by using very sharp Gaussianswith high exponerts. Visually (top
left in Figure 2) the fact that the orbital doesnot obey the cusp condition is not immediately apparert.
If we zoom in on the region closeto the nucleus (top right) we seethe problem: the black line is the
orbital expandedin Gaussians,the red (or light grey if you've scrimped on the colour printing) line is
the cusp-correctedorbital. The e ect on the gradient and local energyis clearly signi cant. This scheme
has beenimplemented within the CASINO code both for nite and for periodic systems,and producesa
signi cant reduction in the computer time required to achieve a speci ed error bar, asone can appreciate
from Figure 3.

In order to understand our capability to do all-electron DMC calculations for heavier atoms, and to
understand how the necessarycomputer time scaleswith atomic number, we are currently carrying out
a seriesof calculations on the various noble gasatoms [53]. Sofar it has provedto be perfectly possible
to produce corverged DMC energieswith acceptably small error bars for atoms up to Z2=36. It seems
that even xenon (Z=54) can be done (although this is still running as| write this).
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Figure 2: Cusp corrections in the hydrogen atom.
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Figure 3: Local energy asa function of movenumber in a VMC calculation for a carbon monoxide
molecule with a standard reasonablygood Gaussian basis set. The cusp corrections are imposed
only in the gur e on theright. The reduction in the local energy uctuations with the new scheme
is clearly apparent.

4.2 Impro ved scaling algorithms

Let us now considerin more detail how QMC calculations scalewith system size, and what one might
do in order to improve the scaling behaviour. QMC methods are stochastic and therefore yield mean
valueswith an assaiated statistical error bar. We might want to calculate the energyof somesystemand
compareit with the energyof a di erent arrangemern of the atoms. The desiredresult might be a defect
formation energy an energybatrrier, or an excitation energy Theseare evidertly energydi erences which
becomeindependent of the systemsize when the systemis large enough. To perform suc a calculation
we therefore require an error bar E on the energy of the systemwhich is independert of system size,
a feature denoted hereby E = O(1). There are other quartities such as cohesiwe energies, lattice
constarts, and elastic constarts, for example, in which both energy and error bar may be de ned per
atom or per formula unit, in which casethe error bar on the whole system s allowed to scalelinearly
with systemsize,i.e., E = O(N).
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How doesthe computational cost C of a QMC calculation, yielding an error E = O(1), scalewith
the system size, measuredby the number of electrons N? The result for the standard algorithm is
C = AN3+ N* where isvery small[4]. In current solid simulations N 2000, and the rst term in
this expressiondominates, giving an N 3 scaling for the standard algorithm: double the system size and
the cost goes up eightfold. What is the best scaling we could possibly achieve? As is well known, the
best possiblescaling for convertional (non-stochastic) single-particle methods such asDFT is O(N) [54].
A considerablee ort has been made over the previous decadeto design DFT codes which (a) scale
linearly with system size, (b) are faster than the regular cubic scaling algorithm for reasonablesystem
sizes,and (c) are as accurate as codes using the regular algorithm, with the latter two problems being
the most dicult. In wave function-based QMC, these additional problems do not occur ; with the
improved scaling algorithms described herethe speedbene t is immediate and there is essetially no loss
of accuracy However, for the scaling one cannot do better than O(N 2) in general, unlessthe desired
quartity is expressibleas an energy per atom. Why is this so? One still has the “near-sighedness'in
the many-body problem which is exploited in linear scaling DFT algorithms, but the dierence is the
stochastic nature of QMC. The statistical noise in the energy adds incoherertly over the particles, so
the variance in the mean energy increasesas N (and thus the error bar as' N). Sincethe variance is
inversely proportional to the number of statistically independen con gurations in the calculation, we
seethat to obtain E = O(1) we must therefore evaluate the energy of O(N) con gurations, ead of
which costsO(N ) operations. This accourts for the “extra’ power of N in the costof a QMC calculation.
However, O(N 2) scalingis still a vastimprovemert over O(N 3) scalingwhen N can be of the order of a
few thousand, and clearly the scalingis improved further for properties which can be expressedn terms
of energiesper atom. The primary task is thus to reducethe AN 3 term to AN 2. The operations which
make up this term are (1) ewvaluation of the orbitals in the Slater determinants, (2) evaluation of the
Jastrow factor, and (3) evaluation of Coulomb interactions between particles.

The rst of theseoperations is by far the most costly. As in O(N)-DFT methods, the solution is to use
localized orbitals instead of the delocalizedsingle-particle orbitals that arise naturally from standard DFT

calculations. The number of such orbitals contributing at a point in spaceis independent of N which

leads to the required improvemert in scaling. In fact, our collaborators at Lawrence Livermore have
recertly shown that this approac is extremely e ectiv e in molecular QMC calculations using maximally-

localized Wannier function orbitals in the CASINO code [15]. We are currently working in collaboration

with them to develop these methods and are testing the applicability of the method in various nite and

periodic systems. One might expect this method to be more e cien t for insulators than metals because
the orbitals can be made more localized, but in practice a large e ciency gain in metals also seemsto be
achievable.

For the Jastrow factor all that is required to achieve the improved scalingis that it be truncated at some
distance which is independert of system size. Becausethe correlations are essetially local it is natural

to truncate the Jastrow factor at the radius of the exchange-correlation hole. Of course, truncating

the Jastrow factor doesnot a ect the nal answer obtained within DMC becauseit leavesthe nodal
surfaceof the wave function unchanged,although if it is truncated at too short a distance the statistical

noiseincreases.The scaling of the Coulomb interactions can be improved using an accurate schemewhich
exploits the fact that correlation is short-rangedto replacethe long-rangepart by its Hartree cortribution

(in the style of the Modi ed Periodic Coulomb (MPC) interaction [23]).

For extremely large systems,the notionally N * term might beginto be signi cant. This arisesfrom N
updates of the matrix of cofactorsof the inverseSlater matrix (required when computing the ratio of new
to old determinants after each electron move), each of which takesa time proportional to N 2, plus the
extra factor of N from the statistical noise. In CASINO this operation hasbeensigni cantly streamlined
through the use of sparsematrix techniques and we have not yet found a system where it contributes
substartially to the overall CPU time.
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Method Si Ge C BN

LSDA 5.282 4.592 8.612 15.07¢

VMC  4.38(4)° 3.80(2)° 7.27(1)% 12.85(9)°
4.82(7)4 7.36(1)

(
(
DMC  4.63(2)9 3.85(2)° 7.346(6)f
Exp. 4.62(8)2  3.85% 7.373 12.9"

Table 1: Cohesive energies of tetrahedrally bonded semiconductors calculated within the LSDA,
VMC and DMC methods and compared with experimental values. The energies for Si, Ge,
and C are quoted in eV per atom while those for BN are in eV per two atoms. References :
a. Farid and Needs [55], and references therein. b. Rajagopal et al. [19], d. Fahy, Wang, and
Louie [56]. Zero-point energy corrections of 0.18 eV for C and 0.06 eV for Si have been added to
the published values for consistency with the other data in the table. e. Malatesta, Fahy, and
Bachelet [57], f. Hood et al. [39], g. Leung et al. [58], h. Estimated by Knittle et al. [59] from

experimental results on hexagonal BN.

Taken together the localization algorithms described above should speed up continuum fermion QMC
calculations signi cantly for large systems,but we canview it in another light - asan emtedding algorithm
in which a QMC calculation could be embeddedwithin a DFT one. The ideais to usethe higher accuracy
of QMC where it is most needed,sudc as around a defect site or in the neighbourhood of a molecule
attached to a solid surface. Developmerts along the lines of those described here might allow suc
QMC/DFT embedding calculations to be performed for the rst time. This is quite simple in VMC
although a practical DMC embedding schemewould be more di cult.

5 Applications

Time and spacepreclude me from preserting a long list of applications, but here are some cohesiwe
energiesof tetrahedrally-b onded semiconductorsto be going on with.

6 The CASINO code

CASINO [1, 2] is a program padkagedevelopedin Cambridge by the group of Richard Needsfor performing
guantum Monte Carlo electronic structure calculations for nite and periodic systems. The philosophy
behind it involves generality, speed, portabilit y and ease-of-use. Generality in this sensemeans that
one ought to be able to create a trial wave function for any system, expandedin any of a variety of
dierent basis sets, and use it asinput to a CASINO QMC calculation. Clearly the wave functions
must be generatedby an external electronic structure program, and this must in the past have been
persuadedto write out the wave function in a format that CASINO understands, either all by itself, or
through the transformation of its standard output using a separate CASINO utilit y. This is one of the
main reasonsthat producing a QMC code is somewhatlabour intensive. Maintaining theseinterfacesas
codes ewolve, and persuading their owners that this is a good idea in the rst place, is a dicult and
sometimesfrustrating task. It is neverthelesspart of the philosophy that CASINO should support a
reasonablywide range of the most popular electronic structure codes, and at the presert time this list
includes CRYSTAL95/98/03 [45], GAUSSIAN94/98/03 [44], CASTEP [60], ABINIT [61], PWSCF [62],
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ONETEP [63], TURBOMOLE [64] and JEEP.

The most important current capabilities of CASINO are as follows :

- Variational Monte Carlo (including variance minimization of wave functions).
- Diusion Monte Carlo (branching DMC and pure DMC).

- Useof Slater-Jastrow wave functions wherethe Slater part may consistof multiple determinants of spin
orbitals.

- Trial wave functions expandedin plane wavesor Gaussianbasissets(s, sp, p, d, f or g functions certred
on atoms or elsewhere)produced using DFT, HF, or various multideterminant methods).

- Trial wave functions expandedin various kind of spline functions generatedby post-processingplane-
wave DFT solutions.

- Numerical atomic calculations with the orbitals and their derivativesinterpolated from a radial grid.

- 2D/3D electron phasesin uid or crystal wave functions, with arbitrary cell shape/spin polariza-
tion/densit y (including excited state capability).

- 2D/3D electron-hole phaseswith uid/crystal/pairing  wave functions with arbitrary cell shape/spin
polarization/density (including excited state capability). Variable electron-hole massratio. 2D layer
separation betweenholesand electronspossible.

- Improved “linear scaling' mode through use of Wannier orbitals and localized basis functions.

- Computation of excitation energiescorresponding to either promotion or addition/subtraction of elec-
trons.

- Computation of distribution functions such asthe pair correlation function and density matrices (elec-
tron and electron-hole systemsonly for the momert).

- Calculation of electron-electroninteractions using either Ewald and/or our ‘'modi ed periodic Coulomb
interaction' [23] which is faster and has smaller Coulomb nite sizee ects.

- Written in strict compliancewith the Fortran90 standard using modern software designtechniques.

- Parallelized using MPljtested in parallel on Hitachi SR2201,Cray T3E, SGI Origin 2000, SGI Altix,
IBM SP3, Fujitsu Primepower, Alpha serners and SunFire Galaxy, Linux PC clusters. Also set up for
workstation use on DEC Alphas, SGI Octane and O2, Linux PC with various compilers. MPI libraries
not required on single processormachines.

- Flexible input with full documertation and interactive help system.

It is worth sketching a brief history of the CASINO code. Its developmert was inspired by a Fortran77
developmert code (known simply as ‘the QMC code') written in the early 1990sin Cambridge by Richard
Needsand Guna Rajagopal, assistedby many helpful discussionswith Matthew Foulkes. This was later
extendedby Andrew Williamson up to 1995and then by Paul Kent and Mik e Towler up to 1998. Various
di erent versionsof this were able to treat fcc solids, single atoms and the homogeneouslectron gas. By
the late 1990sit wasclear that a modern generalcode capableof treating arbitrary systems(e.g. at least
atoms, molecules, polymers, slabs, crystals, and electron phases)was required, not only for the use of
the Cambridge QMC group, but for public distribution. At that time, a user-friendly general publically
available code did not exist, at least for periodic systems,and it was felt to be a good thing to create
oneto allow other researdersto join in the fun. Sobeginningin 1999a new Fortran90 code, CASINO,
was gradually deweloped in the group of Richard Needslargely by Mike Towler, considerably assisted
from 2002 by Neil Drummond (some routines from the old code were retained, translated and reused,
although most were gradually replaced). Various additional cortributions have beenmade over the years
by Andrew Porter, Randy Hood, Dario Alfe, Andrew Williamson, Gavin Brown, Chris Pickard, Rene
Gaudoin, Ben Wood and others. The main aims of the new code were generality, speed, ease-of-useand
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transferability over a wide range of computational hardware. It is hoped that these objectiveshave been
largely attained, but the code corntinuesto be actively developed.

6.1 Availabilit y of CASINO

We are making CASINO available to a number of groups now. Howewer the technology of QMC can
hardly be said to be mature, and largely for this reasonit has beendecidednot to distribute the code
under a GNU public licencein the admirable way that, for example, the ABINIT [61] project is run.
We do not ask for any payment for academicuse of the code, but we ask usersto sign an agreemen
concerningits use. The practical upshot of this is that usersmay not redistribute the code, they may not
incorporate any part of it into any other program system, nor may they modify it in any way whatsoever
without prior agreemen of the Cambridge group.

The CASINO distribution comeswith extensive documertation and examplesbut clearly it remains a
researd code and learning how to useit is a signi cant task. This is particularly the caseif the user
doesnot have relevant experiencesuch asfamiliarit y with VMC and DMC calculations and knowledge of
band structure methods for solids and DFT/molecular orbital theory. Available manpower is su cien tly
limited that we nd supporting userscan take a large amount of our time and so we have to limit the
number of such groupsthat we canwork with directly. We nd that most peopleneedquite a lot of help
and the project turns into a collaboration, but of coursewe cannot erter into too many projects of this
type as our time is limited. We do have people visiting Cambridge to learn about the codesand how to
do calculations, and this seemsto work well.

7 Discussion and conclusions

In this article | have provided a very brief review of the VMC and DMC methods, highlighted some
recernt innovations, and intro duced our implementation in the CASINO code. | have tried to make the
casethat QMC is a useful addition to the toolbox of the computational electronic structure theorist.

That said, it's important to be honestabout the problemswith QMC. If it is such a wonderful technique,
why doesn't everyone use it? As an example of why not, seethe web site of David Ceperley's group
archive.ncsa.uiuc.edu/Science/CMP/topten/topten.html wherethere is a well-known pageerntitled
“Top Ten List of reasonswhy quantum Monte Carlo is not generally usedin chemistry'. The list contains
the following twelve reasons.

. We needforces,dummy!

. Try getting O, to bind at the variational level.

. How many graduate students liveshave beenlost optimizing wavefunctions?
. It is hard to get 0.01 eV accuracyby throwing dice.

. Most chemical problems have more than 50 electrons.

. Who thought LDA or HF pseudoptentials would be any good?

. How many spectra have you seencomputed by QMC?

. QMC is only exact for energies.

. Multiple determinants. We can't live with them, we can't live without them.
10. After all, electronsare fermions.

11. Electrons move.

12. QMC isn't included in Gaussian90. Who programs anyway?

© 0 N Ol WN P

This apparertly rst appearedon the webin 1996,soit might be worth examining whether any progress
has beenmade in theseareasin the last seven years. Here is an attempt at a commertary :

184



1. We nead forces, dummy!

Of courseit is true that for QMC to be considereda generalmethod, one ought to be able to calculate
forces(i.e., derivativesof the energywith respectto nuclear displacemerts) in order to optimize structures
or to perform dynamical simulations. In fact almost all QMC calculations up to the preser time have
been done within the Born-Oppenheimer approximation. The nuclear positions are thus xed during

the calculation and the wave function depends parametrically on the nuclear coordinates. The xed

nuclear positions are normally taken from geometry optimizations done with alternative methods suc
as DFT, on the principle that DFT is more reliable for geometriesthan for total energy di erences.
Calculating forcesusing a stochastic algorithm is a di cult thing to do. A straightforward application of
the Hellmann-Feynman theorem (where the force is given by the gradient of the potential energysurface
with respect to nuclear positions) leadsto estimators with a very large variance. While a corvincing
generalalgorithm hasyet to be demonstrated for QMC calculations, someprogresshas beenmade. The
literature cortains a variety of interesting contributions to this problem, which may be roughly classi ed
into three groups:

- nite dierences using correlated sampling techniques which take advantages of correlations between
statistical samplesto reducethe overall statistical error, e.g.[65)].

- methods which use the standard Hellmann-Feynman formula. This is not normally useful in QMC
as the Hellmann-Feynman estimator (at least with bare nuclei) has an in nite variance assciated with
it. One way of getting round this is to use somerenormalized expressionfor the force, seee.g. [66)].
Furthermore, the Hellmann-Feynman expressiondoesnot give the exact derivative of the DMC energyif
the nodal surfaceis not exact and dependson the nuclear positions. This is due to an additional nodal
term rising from the action of the kinetic-energy operator on the discortinuity in the derivative of the
wave function at inexact nodal surfaces[67].

- direct attempts to calculate analytic derivatives,seee.g.[6§].

Currently one cannot calculate accurate forcesfor large systemswith QMC. However, someprogresshas
beenmade and one hasto be reasonably optimistic that a better general method for calculating forces
will be devisedin the near future. Also worth mertioning is the interesting recert attempt to designa
coupled QMC and DFT molecular dyanmics algorithm by Grossmanand Mitas [69].

2. Try getting O, to bind at the variational level.

| haven't managedto do so either. However, one can choose not to be overly concernedwith QMC
calculations done at the variational level. The binding energy of the oxygen molecule comesout very
accurately in DMC [70, 71].

3. How many graduate studentslives have been lost optimizing wavefunctions?

To give a feel for the time scaleinvolved in optimizing wave functions, | can tell you about the weelend
recertly when| addedthe entire G2-1set[72, 73] to the examplesincluded with the CASINO distribution.
This is a standard set of 55 moleculeswith various experimentally well-characterized properties intended
for benchmarking of dierent quantum chemistry methods seee.g. Ref.[74. Grossman has published
the results of DMC calculations of these moleculesusing pseudoptentials [70], while we are doing the
samewith all-electron calculations [71]. It took a little over three days using only a few single-processor
workstations to create all 55 sets of example les from scratch including optimizing the Jastrow factors
for eadh molecule. While if one concernrated very hard on ead individual caseone might be able to pull
a little more energyout of a VMC simulation, the optimized Jastrow factors are all perfectly good enough
to be usedasinput to DMC simulations. | suggestthat the processis su cien tly automated these days
that graduate students are better employed elsewhere;certainly we have not su ered any fatalities here
in Cambridge.

4. It is hard to get 0.01 eV accuracy by throwing dice.
With modern computersand e cien t computer codes, there are a great many systemswhere one can get
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su cien t accuracyin a reasonabletime. Obviously this becomesincreasingly di cult for heavier atoms
and large systems,but as discussedpreviously, satisfying the electron-nuclear cusp condition accurately
in all-electron calculations or using pseudoptentials helps a lot.

5. Most chemial problemshave more than 50 electrons.

QMC calculations for seweral thousand electrons (per simulation cell) have been published, and this
number will only increasewith the new improved scalingtechniquescurrently being intro duced, and with
the increasing power of available computational hardware.

6. Who thought LDA or HF pseudoptentials would be any gaod?

Very accurate QMC results using LDA/HF pseudoptentials have beenpublished. Suc pseudopmtentials
seemto work bestfor sp-bondedsystems,and it is not clearthat particularly good results canbe obtained
in systemscontaining, for example, transition elemeris. As previously explained, we are developing an
on-line periodic table containing a new set of smooth non-divergert Dirac-Hartree-Fock pseudoptentials
expected to be particularly satisfactory for QMC calculations.

7. How many spectra have you seen computed by QMC?

Almost none. The calculation of excited state properties is a di cult problem for most other methods
; one can sometimescompute the energiesof individual excited states pretty accurately with QMC, but
the calculation of complete spectra is too di cult for the momert. It is very dicult in generalto treat
frequency-dependen properties.

8. QMC is only exact for enemies.

The problem hereisto nd unbiasedexpectation valuesof operators that do not commute with the Hamil-
tonian. In standard DMC, the time ewlution generatesthe mixed distribution f(R) = 1 (R) o(R),
where ((R) is the best (lowest energy) wave function with the samenodesasthe trial function 1 (R).
To obtain the exact energywith respectto the distribution  Z(R) it is necessaryto project by meansof a
mixed estimator, which in practice just involvessumming the local energiesover the positions generated
in the DMC simulation:

_J oRA t(R)AR 1
Ebmc = ff J(R) 7(R) dR MEEL(Rm) (25)
If another operator O commutes with the Hamiltonian, then any eigenstateof ¥ is (or may be chosen
to be) an eigenstateof ® and the samemixed estimator can be usedto work out its expectation value.
If & and ¥ do not commute, then the mixed estimator doesnot give the ground state eigenvalue of O.
It is a good approximation to it however, and normally lies somewherebetweenthe variational estimate
and the exact value.

In general,the best thing to do to improve the expectation value of an operator that doesnot commute
with the Hamiltonian is to improve the trial wave function. One may additionally usethe extrapolation
method [75] which approximates the true estimator as a linear combination of the mixed and variational
ones,but it is not aesthetically pleasingand may not be particularly accuratein all cases.Note however
that if the operator is just a simple local function of R and not, for example,a di erential operator, then
various methods can be usedto obtain the ground state eigervalue exactly. Among them are the future-
walking algorithm (clearly explainedin Ref. [3]) basedon estimating the ratio \I‘I,’—: using the asymptotic
o spring of the DMC branching term, and the related time-correlation method [76]. Both of these
methods are somewhat delicate however, and lead to signal-to-noiseratios that decay to zero at large
time. Neither are likely to prove useful for large systems. More recertly intro duced bilinear methods [77]
show promise but have not yet beenfully dewvelopedinto a practical generalscheme. Probably the best

schemefor the momert is the “reptation QMC' method of Baroni and Moroni [7§].

9. Multiple determinants. We cant live with them, we cant live without them.
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As we have seen,multiple determinants are occasionally required to presene important wave function
symmetries, but more often one seesthat using a linear combination of a few determinants can give a
signi cantly lower DMC energy Clearly this is becausethe nodal surfaceof this wave function is in some
sensecloserto the true onethan that of the singledeterminant trial function. This is a problem not least
becausemost electronic structure codes are not capable of generating optimized multiple determinant
wave functions using e.g. the multi-con guration self-consisten eld (MCSCF) method. Of the eight
codesin the list supported by CASINO, only two (GAUSSIAN and TURBOMOLE) support multideter-
minant calculations, and to my knowledge there is no periodic code that doesso. In an earlier section
we obsened that the number of determinants likely to be required in large systemse ectiv ely rules this
out asa generalsolution. Orbital optimization and the bad o w method are likely to prove more useful.

10. After all, electrons are fermions.

The solution to the fermion sign problem, which in this context means nding a way to bypassthe xed-

node approximation in DMC, is one of the most interesting and important problemsin computational
physics. A solution to this would allow one to provide exact numerical solutions to the many-electron
Sdredinger equation for fermionic systems(such asthose cortaining electrons). It might seemstrangeto
say that a stochastic or Monte Carlo method could solve such a problem exactly, sincethere is always a
statistical error assaiated with the result, but we rely on the certral limit theoremto provide an estimate
of the probability that the exact results lies within a given interval. If we needto have the error to be
lessthan this amount, this implies that the computer time will scaleproportional to one over the square
of the error.

We have seenthat in DMC random walks serve to Iter out the higher energy modes of someinitial

distribution, sothat for very large imaginary time, the probability distribution of the random walkersis
givenby the ground state. The problem is that the ground state in questionis actually the bosonic ground
state which hasthe samesign everywherein con guration space. It is only by imposing an additional
boundary condition for the electronic Hamiltonian in the form of the xed nodal surfacethat we are
able to prevert collapseto the bosonic state, and maintain the positive and negative regions which are
required for an antisymmetric wave function. The simplest methods which allow di using con gurations
to crossnodesand changethe nodal surface,sud as release-nale Monte Carlo [79], are very ine cien t
becausethe “signal’ quickly becomesoverwhelmedby the “noise'. Methods which overcomethis problem,
such asfermion Monte Carlo [7, 8, 9] have beenshaown to be apparertly stable for small test systems,but
su er from scaling problemswith systemsize. It should never be forgotten that a geruine solution to the
fermion sign problem in the context of continuum Monte Carlo methods must not only give the exact
answer, but must also scaleas somelow-order polynomial with system size, and work generally rather
than just for certain special cases.No proposedsolution (and there are many in the literature) has all
these characteristics. Recall that in somesensewe already know how to solve the Schredinger equation
exactly for any system. One canin principle just do, for example,a full Cl expansionin a complete basis
set. The only trouble is it would take forever to compute and so this is not a viable solution.

That said, the xed-no de approximation is a good one, and one can normally recover well in excessof
95% of the correlation energyfrom a DMC calculation. For most problems this turns out to be accurate
enough. Another approac - which is not a geruine solution to the sign problem but which might be
the best practical thing to do - would be to optimize the nodal surfacein someway, e.g., by optimizing
the orbitals in the Slater part of the trial wave function (recalling that in some casesmore than one
determinant might be required for symmetry purposes). This ought certainly to be feasibleand work is
under way to develop an appropriate algorithm and implement such a facility in our CASINO code.

11. Electrons move.
Quite so.

12. QMC isn't included in Gaussian90. Who programs anyway?
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Nor in Gaussian94,98 or '03. Neil Drummond and | and someof our collaborators like programming.

So, quite a lot of progresshas beenmadein the theory and practical implementation of quantum Monte
Carlo over the last few years, but certainly many interesting problems remain to be solved. For its most
important purpose of calculating highly accurate total energies,the method works well and currently
has no seriouscompetitors for medium-sizedand large systems. The CASINO program [1, 2] has been
designedto allow researdersto explore the potential of QMC in arbitrary molecules, polymers, slabs
and crystalline solids and in various electron and electron-hole phases.
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