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Abstract

We present an overview of a recently intro duced hybrid molecular dynamics simulation
schemethat links arbitrary atomistic techniquestogether in a truly seamlessmanner. Rather

than constructing a new hybrid Hamiltonian that combinesdi�eren t models,we usea unique
short{range classicalpotential and continuously tune its parametersto reproducethe atomic

tra jectories at the prescribed level of accuracy throughout the system.

This article is an extract from a Topical Review submissionto Journal of Physics: Con-

densed Matter

1 In tro duction

Natural phenomenaoccur on a variety of lengthscales,which not only roughly de�ne scienti�c

disciplines (physics and chemistry for the very small, biology for intermediate, geologyfor very

long times and large lengthscales,and cosmologyfor the largest), but also delineate sub�elds

within a given discipline, due to the very di�eren t experimental methods and theoretical models

that are applicable at each scale. These form a multiscale hierarchy, in which parameters of

larger scalemodels are measuredor calculated on a smaller scale[1].

Yet in a large classof problems, the lengthscalescannot be separatedin this way, the coupling

betweenthem is strong, and \bidirectional". This often happenswhen the microscopicphenom-

ena are driven by somemacroscopicforce, so there is a complete feedback loop. Stressinduced

defect processesin solids are a good example, and brittle fracture is the prototypical problem.
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In molecular biology, catalysis is often controlled by large{scale motion of macromolecules. If

we wish to simulate these processes,we have to do that on more than one lengthscalesimul-

taneously. Crucially, one cannot use the smallest{scale model to simulate the entire system,

becauseit would be too expensive and hugely wasteful. A typical quantum mechanical molecu-

lar dynamics simulation can deal with hundreds of atoms, while the minimum systemsize that

can capture the larger scaleaspects can reach into hundreds of thousandsof atoms. In the past

decadethere has been a growing e�ort to devise so{called hybrid simulation techniques, that

seamlesslyintegrate a wide variety of di�eren t models, ranging from �rst principles methods to

�nite elements techniques, into a concurrent simulation[2, 3].

A pioneering work in this �eld was the quasicontinuum method [2], which successfullylinked

classicalatomistic and continuum elasticity models. Hereweconcentrate on a lower level linkage:

that of quantum mechanical to classicalmodelling. After mentioning general issuesrelated to

hybrid atomistic modelling, we discussour schemewhich wasproposedin [4]. Finally, wepresent

several validation tests and an exampleapplication to the brittle fracture in silicon.

2 Hybrid schemes

The objective is the following: given a large atomic system, some(perhapssmall) regionsof it

needto besimulated with model A (which we take to bequantum mechanical), and the rest with

model B (which we take to be classicalatomistic). The major issuesthat have to be addressed

are as follows.

� Handshaking The two models need to interact at the border that separatesthe two

regions. If, as is natural, the system is partitioned by atoms into the regions A and B,

how do each of the models react to having an arti�cial surfacewhere we switch to using

the other model?

� Selection How do we select which regions are to be treated by which model? In some

cases,this might be straightforward, e.g. if we are investigating an impurit y or a station-

ary defect. But in general, the region of interest where inherently quantum mechanical

processestake place can appear, disappear and move, and we need to be able to track

that.

� Validation Given any particular hybrid scheme, it has to be validated against fully ac-

curate quantum mechanical calculations. A successfulscheme will be insensitive to the

preciselocation of the border betweenthe two models, and all observablesshould be able

to be convergedby increasingthe sizeof the quantum region.

Before we describe our scheme in detail, we have to addressthe question of which systemsare

suitable for hybrid simulation. Critically , the atomistic processes,as described by our quantum

mechanical model, must be local. It is well known that in the vast majorit y of cases,quantum

mechanics is local in the sensethat the density matrix � (r ; r 0) is sparse,its elements decay fast

as the separation between r and r 0 increases(this kind of locality we call weak locality). This

is very useful for creating linear scaling electronic structure algorithms, but is not enoughfor a

hybrid approach to be valid. What is neededis strong locality, which we de�ne by
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where E total is the total energy, and x i and x j are the atomic positions of atoms i and j . This

guarantees that, if the quantum region is large enough, the tra jectories that are important at

the center of the quantum region are not a�ected by the fact that far away, the systemis treated

classically (and hencethe microscopic tra jectories will not be very accurate) and also that the

tra jectories in the quantum region can be computed with high accuracy by only consideringa

�nite neighbourhood. The length scaleof the decay in equation (7) thus gives a guide to how

large the quantum region needsto be.

Most quantum mechanical systems either obey strong locality, or at least the parts of the

Hamiltonian that do not, such as long range Coulomb forcesand Van der Waals forces,can be

very e�ectiv ely treated purely classically, outside the hybrid framework.

3 A new scheme

We have recently proposeda novel approach to the handshakingproblem[4]. While someof the

analysis put forward will not be repeated here, we note that the main philosophical di�erence

with the previous approaches is that we do not try to make a combined Hamiltonian from the

separatemodel Hamiltonians H classical and Hquantum , rather, we focuson a purely local quantit y,

the force on each atom. Then, to make a seambetweentwo models, onecan compute the forces

in the transition region using both models, and smoothly crossover from using one set of forces

on one side of the seamto using the other set on the other side.

This can be done in a number of ways, for example, by averaging the forces,or by making the

transition region large enoughsothat at the outer edgethe two modelsyield practically identical

forces. In practice however, we choosea third way. To seewhy, let us considerhow the resulting

forces are used in the simulation. Having given up the notion of a combined Hamiltonian,

we do not have a strict conservation of the total energy anymore. What we do have, are

forceson each atom at any given con�guration, and thus we can perform molecular dynamics.

However, doing MD directly using forces that come from a variety of di�eren t Hamiltonians

is a recipe for disaster: for example, the bonds between atoms would not obey an \action{

reaction" principle. So instead of varying the sourceHamiltonian for the forces in space,we

vary a uniformly valid Hamiltonian in time. We choosea suitably generalclassicalHamiltonian,

and allow its parameters to be di�eren t for each atom, bond, angle etc. and also vary in time.

So rather than being used directly, the above mentioned forces that are calculated using the

di�eren t model Hamiltonians H classical and Hquantum are used to tune the parameters of our

universal Hamiltonian at each time step: the parametersare varied to minimize the functional

F =
X �

�Funiv ersal � Ff classical; quantum g

�
�2 : (8)

The MD is then carried out using forces derived from the universal Hamiltonian. Thus the

action{reaction principle is restored, and if the tuning is always successful,the resulting forces

are extremely close to the separately calculated forces in each region. A very compact way

to describe this scheme is that the various models that are assignedto the di�eren t parts of

the system are being instantaneously interpolated by a universal potential. Of course, from a
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practical point of view, a natural starting point for such a universal potential is an already

existing well tested classical potential that gives an adequate description of near{equilibrium

con�gurations for the system at hand.

A few comments are now in order.

� There is an alternative viewpoint from which the above schemecan be understood. Having

assumedthat we have a classicalmodel that works well in most regions, let us choosethis

Hamiltonian as the universal one. We want to improve its accuracy in particular places

in spaceand time and we do this by computing relevant new information in those places,

using a quantum mechanical model. We then incorporate this new information into our

classicaltra jectories by slightly adjusting the parametersthat describe the classicalmodel

(only in the region where the relevant new information applies). Whichever viewpoint

is more applicable might depend somewhat on one's personal preferences,but also on

just how much the classical parameters had to be readjusted. For small changes, this

secondviewpoint is very appealing, but if the quantum region requires an alteration that

is very drastic and di�eren t at every time step, it seemsto us more intuitiv e to talk about

interpolation.

� The schemeusesa time{dependent Hamiltonian to carry out the dynamics,and thusenergy

is not conserved. Although this is not a logical consequenceof the above, neverthelesswe

have not yet found a formulation which obeysstrict energyconservation whenthe quantum

region changesduring the simulation, i.e. when atoms regularly crossfrom the quantum

to the classicalregion and vice versa. In practice a thermostat is usedto absorbany small

drift. This works well except for problemswhereheat exchangewith a bath directly a�ects

what we want to measure,e.g. relative enthalpies.

� The parameter tuning of the universal Hamiltonian neednot necessarilybe carried out at

every time step. One can use the sameparameters for a small number of steps,and only

then compute the forces with the expensive quantum mechanical model, which are then

usedto retune the parameters. This procedurecan be formalized in a predictor{corrector

schemeas follows. From a point R 0 in phasespace,having parameters � 0 (let us denote

this by (R 0; � 0), make a number of MD stepsto arrive at point (R 1; � 0). Here, quantum

calculationsand optimization takesplace,sohaving got newparametersweareat (R 1; � 1),

this is the end of the \predictor" part. The MD could be continued from this point, but

then the tra jectory would su�er an abrupt changein its secondderivative, becauseof the

discontinuit y in the Hamiltonian parameters, � . So instead, we go back to the previous

point (R 0; � 0) and redo the dynamics, interpolating the parametersbetween� 0 and � 1. At

the end of the interpolation we arrive at a slightly di�eren t point in phasespace,(R 2; � 1),

completing the \corrector" part. The cyclecould berepeatedby recomputing the quantum

mechanical forces,getting new parameters� 2 and going back to (R 0; � 0) to reinterpolate.

In practice, we limit ourselvesto onecycle, thereby ensuringa continuous variation of the

parametersalong the tra jectory.

� The alternative viewpoint above highlights a possiblecomputational simpli�cation. Far

away from the quantum region, the potential parameterswould not bechanging very much
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Figure 1: Given a region of interest, e.g. a point defect (green), we declare that this and

other atoms within a certain distance should be treated with quantum mechanical accuracy

(black). There are two ways of computing the accurate forcesthat we usein the �tting process,

a) by carving a temporary cluster separately for each QM atom, and keeping only the force

on the central atom from each QM calculation, or b) by computing a larger cluster quantum

mechanically, and only keeping the forceson the originally selectedQM atoms, discarding the

forcesnear the (arti�cial) surface.

(or at least the precisedetails of the tra jectories of far{away atoms do not a�ect processes

in the quantum region due to strong locality). So they might as well be left as they

are, and not included in the parameter optimization. This speedsup the optimization

by a signi�cant factor. If we have several quantum regionswhich are well separated,the

optimization of the parametersnear each region could be carried out in parallel.

� Becauseof strong locality, the forces on the atoms even in the quantum region can be

computed independently. To do this, for each required atom, one carves out a spherical

cluster centered on the given atom, and computes the forces, retaining only the force on

the central atom (seeFigure 1a). This temporary cluster can be chemically terminated

(e.g. by hydrogen atoms) on the surfacefor improved accuracy (or smaller cluster radius

for any given accuracy). This termination is not strictly necessary, but makesfor a faster

algorithm. We emphasizethat the boundary of these clusters plays a very di�eren t role

from the boundary of the quantum region which causesa lot of the di�culties in the

traditional embedding schemes.Becauseeach cluster calculation is independent, they can

be carried out in parallel requiring minimal bandwidth for inter{pro cessorcommunication.

This possibility makes the scheme particularly suitable for running on massively parallel

computer{farms, which are typically connectedby a comparatively slow communication

network.

One can always fall back on a single large quantum mechanical calculation, as depicted

in Figure 1b. The cluster should then be large enough that the forces on atoms near

its boundary can be discarded (ie not used in the parameter optimization), thus again

avoiding the problems that the introduction of an arti�cial surfacemight lead to.

Let us review the approximations that the schemeinvolves. Firstly , somewhattrivially , parts of
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the systemare treated with a lessaccurateclassicalmodel. This is a controllable approximation,

sincethe sizeof the quantum mechanically treated region can be varied at will; this can be done

in all embedding schemes. We expect a smooth variation of physical observables as the size

of the quantum region is varied becausethe changing boundary of the quantum region does

not bias the calculation: information coming from near the surface of the temporarily carved

clustersis thrown away (seeFigure 1). Secondly, if wecompute quantum mechanical forcesusing

separateclusters, the force on the central atom should be convergedwith the cluster radius, or

at least the error should be within acceptablelimits. For example, even in a �rst principles ab

initio quantum mechanical calculation, if we do not expect to get forcesmore accurately than

0.1 eV/ �A, it would be a waste of e�ort to converge to better than this with the cluster radius.

The sameconsideration setsthe target accuracyof the parameter optimization of our universal

Hamiltonian. Below we give typical errors for all theseapproximations.

Although we lost the abilit y to do strictly microcanonical simulations, this is o�set by other

gains. The generality of the force{�tting meansthat any quantum enginecan be plugged into

the algorithm as a black box, without a need to alter the software. All physical observables

can be computed from the MD tra jectories, and we expect successesin problems where �nite

temperature is important, and the controlling quantit y is the free energy. Moreover, since

averagesfrom di�eren t thermodynamical ensembles approach each other in the limit of large

samples,long time averagesfrom non{microcanonical molecular dynamics tra jectories are just

as good as those from microcanonical runs.

It turns out that the present scheme allows us to make the QM region very small and mobile,

i.e. we can continuously select which atoms to treat more accurately during the simulation.

This brings the obvious bene�t of making the calculations run faster, but highlights the need

for robust algorithms for determining where the QM region should be. It is clear that this will

depend on the nature of the scienti�c question one is asking. It is not in general possible to

correct the classicaltra jectories everywherethey go wrong, sincetests show that even at modest

displacements from equilibrium, classicalmodels may predict forcesthat are wrong by as much

as 1 eV/ �A as comparedwith quantum mechanical forces.

In practice, this means that, for solid phases,the selection of the quantum region has to be

implemented using geometric and topological criteria. For this, we found it advantageous to

keepa running averageof atomic positions to �lter out the fast optical phonons,and assessthe

local geometry basedon the theseaveragedpositions,

~x(t) �
1

1=2 + � =� t

1X

n=0

e� n� t=� x(t � n� t); (9)

where� t is the time step of the moleculardynamics,and � is the time{constant of the averaging.

We found the averagedcoordinates are very well suited to �nding the location of point defects

and locating bonds that are being broken.

We now present each step of the scheme in order, indicating numerical values for parameters

that we have beenusing. For the sake of concreteness,we take as an example the di�usion of

a vacancy in crystalline silicon. This is not a problem which a priori stands out as needingan

embeddedsimulation, but preciselybecauseof this, it can provide validation.

1. Initialization Start with the a 3x3x3 cubic unit cell (215 atoms and a vacancy), with
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atoms near their bulk equilibrium positions, and with a reasonablechoiceof initial param-

eters for the classicalpotential, in our casewe choose the Stillinger{W eber potential[5].

The velocities are randomized and rescaledto the simulation temperature, after which a

thermostat is usedto maintain an NVT ensemble.

2. Extrap olation As in standard molecular dynamics (MD), use the potential with �xed

parameters to generate �v e 1 fs time steps of the system tra jectory using the velocity

Verlet algorithm.

3. Testing In the latest con�guration, the local validit y of the classicalpotential needsto be

assessedon a site by site basis,and a selectedsubsetof atoms is 
agged for quantum treat-

ment. As discussedabove, this selection cannot be made fully automatically, becauseit

dependson the scienti�c question being asked. Presently we are interested in the di�usion

of a point defect, so it is natural to describe the region surrounding the defect quantum

mechanically. To identify where the vacancy is, we useequation (9) with a time{constant

of 100 fs, and match the averaged atomic coordinates with their nearest lattice points.

Having located the site of the missing atom, we 
ag all atoms that are within 7.5 �A of its

lattice point (about 100 atoms).

4. Quan tum mechanical calculations We compute accurate forceson all 
agged atoms

using an empirical tight binding method[6] and the carved{cluster approach described

above. The cluster radius is set to 7 �A, this yields about 150atomsin each cluster, including

terminating hydrogens. The termination atoms are put in place of the Si atoms that fell

just outside of the given cluster and their positions are adjusted to the equilibrium Si{H

distancealong the direction of each Si{Si bond that wascut. The Hellman{Feynman force

on the central atom is then computed after a direct diagonalization of the Hamiltonian.

This force is shown to convergequickly with cluster radius and to be relatively insensitive

to the precise termination strategy. We determined in a separate test (0.5 ps LOTF

simulation of a vacancydi�usion event at 1400K) that a 7 �A radius is enoughso that the

RMS deviation from the the exactTB forces(computed with periodic boundary conditions)

is < 0.1 eV/ �A. Constructing clusters of similar size including all Si atoms up to a chosen

neighbour shell rather than up to a �xed radius yields analogousresults.

5. Force �tting We tune the parameters of the classicalpotential until it reproducesthe

accurate forces,by minimizing (8) using the conjugate gradients technique. The starting

values for the parametersare always reset to be the sameas those of original unmodi�ed

potential. For atoms that do not have a quantum mechanical force calculated on them,

the current classicalforce is usedas the target of the optimization. Note that we require

the evaluation of the classicalpotential for a large number of di�eren t parameterssets,all

at the sameatomic con�guration. We have devisedspecial routines that reformulate the

potential to be of the form

E = M 0(R ) + M 1(R )� + M 2(R )� 2;

where only the matrices M i depend on the atomic coordinates and are computed once

before the optimization starts; � and � 2 indicate the vector of the parameters and their
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Figure 2: Arrhenius plot of the silicon vacancydi�usivit y obtained by the present scheme�tted

\on the 
y" on di�eren t TB models (red), compared with the results of fully TB simulations

(black) and �xed-parameter SW potential (blue).

squares, respectively. The forces can be written in a similar way and thus during the

optimization, most of the CPU time is spent in BLAS libraries. Testsshow that parameters

related to atoms which are further than a few neighbour shellsoutside the QM region do

not change appreciably with the �t. The optimization is therefore limited to the two{

body and three{body terms of the potential involving atoms in a spherical region of 12 �A

radius centered on the di�using defect. About 30 conjugate gradient steps are su�cien t

to perform a converged �t, the maximum residual deviation from the target forcesbeing

typically lessthan 0.01 eV/ �A.

6. In terp olation Now return the state of the system to that before the extrapolation and

rerun the dynamics, interpolating the potential parametersbetween the old and the new

values. We usea cubic spline interpolation, so the time{deriv atives of the parametersare

zero at the �t{p oints.

7. Return to 2.

4 Validation

Using this procedure,wecomputedthe di�usivit y for the Si vacancy[7] by running a 1 nsconstant

temperature (CT) simulation of a 215atom periodic systemat T = 1400K and obtained a value

of (2:1 � 0:4) � 10� 6 cm2/sec. This compareswell with the value of (2:3 � 0:2) � 10� 6 cm2/sec,

calculated using the (same) tight binding scheme[6] for the full system. For comparison, the

Stillinger{W eber potential gives (3:4 � 1:0) � 10� 5 cm2/sec), a much larger value. It must be
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Figure 3: Stress{Strain curvesof a silicon nanobarwith a vacancy, using three di�eren t methods:

Stillinger{W eber (blue), tight{binding (black), and LOTF(red).

stressedthat the di�usivit y is a quantitativ e test of the embedding method, and should not be

taken to be an application where embedding is really necessary. A 215 atom silicon system is

most e�cien tly simulated by standard techniques.

This is even more true of our next test, where we look at the temperature dependenceof the

vacancy di�usivit y. To enable the large number of runs that a good comparison requires, we

have chosento use a 2x2x2 cubic unit cell with 63 atoms. Here, the quantum forces used for

the parameter �tting in the LOTF run were calculated using the full periodic periodic system,

rather than with clusters.

Figure 2 shows our results for the vacancydi�usivit y in Si asa function of temperature, obtained

by CT simulations using the �xed{parameter SW potential, two di�eren t TB schemes[8, 9] and

our hybrid LOTF scheme. We note that the large di�erence between the results obtained by

�tting the scheme on the two di�eren t quantum models is due to the di�eren t predictions of

these models in accurate quantitativ e computations, and faithfully reproduced by the hybrid

method. This emphasizesthe fact that the present schemecan at best be expectedto reproduce

the results of the QM model that it is given, but can in no way improve its accuracy.

A di�eren t quantitativ e test is provided by the exampleof stressinga silicon nanobar. Starting

with a 2x2x10supercell of the cubic unit cell, we introducea vacancy, and relax the structure to

equilibrium. Then the atomic coordinates are rescaledparallel to the bar axis, and again relaxed

to equilibrium while holding the ends �xed. In the hybrid simulation, the QM region included

atoms within 4 �A of the vacancy. In this case, rather than using clusters, the tight{binding

forces were calculated by considering a cluster that was a bit larger than the QM region (by

5 �A on each side), and again terminated with hydrogen atoms where bonds were broken in the
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construction of the cluster.

Figure 3 shows the resulting stress{strain curves (the sum of the z components of the forces

on the �xed atoms at one end of the bar is proportional to the stress). The hybrid simulation

and the fully quantum simulation give the same critical stress level (dashed line) at which

the bar fails mechanically near the vacancy, while the classically computed critical stress is

signi�cantly higher. This examplealsoillustrates that the microscopictra jectoriesare, of course,

not necessarilyreproduced: the curves have minor jogs and kinks due to small changesin the

surfacereconstruction of the nanobar, which do not a�ect the critical stress.

5 Brittle failure

Having validated our scheme in small systems where it was possible to compute observables

using a fully quantum mechanical method, we now turn to a systemwhich has beenepitomized

asthe benchmark for hybrid schemes,brittle failure of covalent crystals. When singlecrystals of

silicon or diamond are strained beyond breaking point, they relieve the stressby opening cracks.

A universalobservation is that thesecracks are atomically sharp and the resulting newly opened

surfacesare almost atomically 
at[10 ]. The system is evidently multiscale, and the behaviour

on the di�eren t lengthscalesare highly correlated: the large stressconcentration near the crack

tip induces the breakage of atomic bonds, and it is the successively broken bonds that let the

crack tip (and the stress�eld) advanceforward as the crack propagates.

To date, all purely classicalsimulations have failed to reproduce a basic feature of the system,

namely that the cracks tips remain atomically sharp as the crack opens. This is principally due

to the overestimation of lattice trapping e�ects[11], which results in an excessof applied stress

with respect to the critical value to get the crack moving in the �rst place. This excessof elastic

energy is dissipated by tip blunting and local melting.

Other e�orts at developing hybrid schemeshave also concentrated on cracks[3]. The principal

advantages of our scheme is that the quantum region can be made very small (300-600atoms

for a silicon crack tip) and is allowed to follow the tip as the crack propagates, resulting in a

computational speedupwithout compromising the accuracyof the calculation.

Figure 4 shows three snapshotsof our simulation of the (111)[1�10] crack system,asit propagates

in the [11�2] direction at 0 K. We used the ab initio siest a[12] package to treat atoms in the

moving quantum region. Apart from showing smooth atomically 
at surfacesopening, using

such a sophisticated QM engine revealed that the surface reconstruction is di�eren t on the

upper and lower surfaces,with the upper surfaceshowing the 2 � 1 Pandey reconstruction, as

indicated by the alternating pentagons and heptagons. The reasonwhy only one surfaceshows

this reconstruction can be understood by consideringthe dynamics of atoms near the crack tip.

The atoms, shown in black, that were part of a hexagonare forced towards each other as the

crack tip passes,thus driving the formation of a pentagon. The corresponding atoms on the

lower surface(shown in gray) are forced away from each other, preventing pentagon formation.
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Figure 4: Three snapshotsof the opening (111)[1�10] crack systemsimulated using LOTF. Atoms

in red were treated quantum mechanically using the ab initio siest a package. The quantum

region follows the crack tip as it moves from left to right. Note the pentagons and heptagons

of the 2 � 1 Pandey reconstruction on the top surface. Seetext for an an explanation of the

dynamical aspects.
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