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The following paper from about 1994 is being published in Psi-k Newsletter becausePhysical

Review has twice refusedto do so, for reasonsthat are frankly unacceptable,in spite of meeting

all the objections of the �rst round of refereeing.

Anyway it is not unsuitable for Psi-k Newsletter becausesomepeoplestill usenorm-conserving

pseudopotentials for a wide range of applications, and anyway the idea of the Qc tuning is now

also being usedelsewhere.Also thesepseudopotentials are very good, the extra 'tuning' degree

of freedomallowing one to match the logarithmic derivative as closelyas possible,and to soften

the energy cut-o� for the plane waves, or to �t to some other empirical quantit y such as a

lattice constant. They are considerablysofter than somepseudopotentials that are widely used,

without lossof accuracy.

The paper is also being put on the e-Print archive server (http://arxiv.org/), and the code is

freely available (seewebsite http://b oson4.phys.tku.edu.tw/qc/).
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Abstract

We have developed an improved schemefor generating optimised norm-conservingpseu-

dopotentials which is more systematic and more 
exible, with a better insight. The control
parameter Qc connectedwith the kinetic energyof the pseudowavefunction 	 l (r ) is usedin
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a new way to tune the pseudopotential. The scheme usesonly three constraints and three

spherical Besselfunctions in the expansion of 	 l (r ) inside the pseudising radius r c , com-
pared with four commonly used, which tends to give a somewhat softer pseudopotentials.

The �delit y of the pseudopotential as seenin the logarithmic derivative can be improved in
a simple and systematic way by tuning Qc while minimising the energy cuto� Ecut neces-

sary in solid state application. The schemeopensthe way to tailor-making pseudopotentials
for speci�c requirements useful for large scaleab initio calculations, including reducing the

number of non-local projectors for speedingup the calculations.

1 In tro duction

The present paper concerns a further improvement of earlier schemes for generating norm-

conservingpseudopotentials [1, 2, 3]. Soft and accuratepseudopotentials are essential for state-

of-the-art large scaleab initio simulations for solids using plane-wave basissets. This is in the

context of periodic superlattice calculations based on Density Functional Theory with Local

Density Approximation (LDA) for exchangeand correlation with possibly a GeneralisedGradi-

ent Approximation (GGA). Here,a "soft" pseudopotential meansthat a low energycut-o�, E cut ,

can be usedin the planewave expansionof the wavefunction, and the "accuracy" of a pseudopo-

tential can be measuredby the agreement between the logarithmic derivatives of pseudoand

true wavefunctions in a certain energyrange,which is an equivalent characterisation of the scat-

tering property of a pseudopotential in terms of the phaseshifts of di�eren t incoming waves. We

are hereconcernedwith norm-conservingpseudopotentials, asdistinct from the super-soft pseu-

dopotentials of Vanderbilt [4] which are not norm-conserving. Although the latter are widely

used, we believe there is still a role for norm-conserving pseudopotentials becauseof certain

computational e�ciences, e.g. optical properties and stress are easier to implement. In any

caseit appears that the idea of Qc tuning can also be applied with advantage to the super-soft

pseudopotential [5]. Even with the accuracy and e�ciency achieved by a Car-Parrinello type

of algorithm [6, 7], the computational cost still requiresas soft a pseudopotential as possibleto

make the largest calculations a�ordable.

While the advantage of the softnessin a pseudopotential can not be over-emphasised,what is

equally important is to have a 
exible scheme to generate quickly and systematically a new

pseudopotential appropriate to a new physical situation, such as short inter-atomic distancesin

somecompounds or at ultra high pressures.Another examplewould be somestructural energy

di�erence whereerrors cancel,so that onecan compromiseon convergenceproperties. A further

situation might be one where the energy range over which the logarithmic derivative of the

pseudowavefunction has to be accurate is unusually narrow or wide. Whereas one standard

transferablepseudopotential for a given chemicalelement may besatisfactory for many purposes,

this will not besofor somecalculations. On the contrary, the 
exibilit y of balancingthe accuracy

(logarithmic derivative) and the e�ciency (Ecut ) of a pseudopotential in its construction will be

useful,becausethen computing e�ort will not bewastedin achieving unnecessaryprecision. This

utilit y can not be replacedby simply using an insu�cien t E cut in exchange for a lessaccurate

result becausethe quality of computedphysical quantities falls very rapidly whendecreasingE cut

below somepoint which is essentially determinedby the way the pseudopotential is generated.A
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exible schemeis thereforeto bewelcomedif it allows oneto regulatethe degreeof approximation

in di�eren t parts of a pseudopotential, such as the logarithmic derivative, E cut and a large

pseudisingradius ("cut-o�" radius) r c to maximise the pseudopotential performancein a given

problem without compromising the science.A great computational e�ciency has beenachieved

in a few cases(eg. reference[8]) by what we call 'pro jector reduction'. A normal pseudopotential

consist of a local potential operating on all angular momentum (l ; m) components of the pseudo

wavefunction, plus a few non-local potentials operating on speci�c l components only. For a

non-transition element such as carbon, the latter would normally be for l = 0 and 1, requiring

1 + 3 = 4 speci�c projectors in the computations to pick out these components from the total

pseudowavefunction. However using the 
exibilit y of Qc tuning, we have beenable to generate

pseudopotentials for someelements where the l = 1 component is su�cien tly nearly the same

as that for l = 2 so that it can be taken as the local potential part, thus requiring only one

projector for l = 0. This is particularly advantagous with the real-spaceimplementation of

Kleinman-Bylander form [9] for the non-local part of the pseudopotential [10]. The largedynamic

simulation of methanol dissociation in a zeolite [8] could not have beencarried out at that time

without such projector reduction for carbon and oxygen. In the caseof Cu and transition

elements, we can achieve a pseudopotential with projectors for l = 2 only.

In order to generate a new pseudopotential e�cien tly, it is a great help to understand how

changesin the input parameters a�ect the pseudopotential that results. Such understanding

also helps one to avoid an unrealistic choice of parameters. We present in this chapter a robust

way of constructing norm-conserving pseudopotentials which addressesthose essential points

mentioned above, namely acceptableaccuracy, softness,
exibilit y and understanding, through

further improvements to the well established"Optimised Pseudopotentials" approach. [1, 2, 3].

We regard our method as an alternative to the very popular schemesproposed by Troullier

and Martins [11], by Vanderbilt [4], and by Bl•ochl [12]. These schemesall aim to improve the

softnessand/or the accuracyof pseudopotentials.

Beforewe describe the technical details of our current scheme,it is necessaryto outline previous

optimisation methods. The "Optimised Pseudopotentials" proposedby Rappe, Rabe, Kaxiras

and Joannopoulos (RRKJ) [1, 2] are recognisedas very soft norm-conservingpseudopotentials.

Their scheme is very suitable for transition metals and �rst-ro w elements which we are inter-

ested in and which usually needhigher Ecut than other elements due to their very localised3d

(or 4d) or 2p valenceelectrons. Based on the RRKJ idea, a modi�ed strategy of generating

optimised pseudopotentials wassuggestedby Lin, Qteish, Payne and Heine (LQPH) [3] in order

to simplify the numerical procedure. Although using di�eren t options and procedures,the basic

formulations in LQPH and the current work are the sameas those in the original RRKJ. In

all theseschemesthe pseudowavefunction 	 l (r ) of angular momentum l is generated�rst, and

then the pseudopotential Vl (r ) is derived from it by inverting the Schr•odinger equation [13]. The

	 l (r ) is expressedin terms of somespecially chosenspherical Besselfunctions as follows :

	 l (r ) =
nX

i =1

� i j l (qi r ) for 0 < r < rc; with
j 0
l (qi rc)
j l(qi rc)

=
� 0

l (r c)
� l (r c)

	 l (r ) = � l (r ) forr � rc (1:1)
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in which the j l (qi r ) are spherical Besselfunctions with (i � 1) zerosfor r < r c, and j 0
l (qi r ) their

�rst derivative with respect to r . The � l (r ) is the proper all-electron atomic wavefunction and

� 0
l (r ) its �rst derivative. Sincewe start with � l (r c) when generating a new pseudopotential, all

the qi are �xed oncethe r c is chosen.The portion of the kinetic energyof the pseudowavefunction

due to the q > Qc part of its Fourier components is denotedby � Ek (in atomic-Rydberg unit) :

� Ek (� 1; � 2; :::; � n ; Qc) =
Z 1

Qc

d3q q2j	 l (q)j2 (1:2a)

= �
Z 1

0
d3r 	 �

l (r ) r 2	 l (r ) �
Z Qc

0
d3q q2j	 l (q)j2 (1:2b)

in which the 	 l (q) is the Fourier transform of the 	 l (r ). The central idea for optimising a

pseudopotential was that for a given Qc , the coe�cien ts � i of 	 l (r ) in (1.1) can be obtained by

minimising � Ek in (1.2) with Lagrangemultipliers constraining the normalisation and the con-

tinuit y of the �rst and secondderivativesof the pseudowavefunction at r c . Thus a smooth and

norm-conservingpseudowavefunction 	 l (r ) could be determined. Incidentally, the continuit y

of the pseudowavefunction 	 l (r ) at r c is not imposedexplicitly becausethe optimisation pro-

cedure results in this condition being ful�lled automatically. This can be understood from the

de�nition of the j l (qi r ) in (1.1). We know that when the constrainedminimisation is successful,

one has 	 0
l (r c) = � 0

l (r c) : therefore

	 l (r c) =
nX

i =1

� i j l (qi r c) =
nX

i =1

� i �
� l (r c)
� 0

l (r c)
� j 0

l (qi r ) = 	 0
l (r c) �

� l (r c)
� 0

l (r c)
= � l (r c) (1:3)

which gives the required continuit y of 	 l (r ) from the continuit y of 	 0
l (r c) due to the special

choice of expansion functions in (1.1). Although the mathematical scheme is essentially the

same,there are somedi�erences in the way the procedureis usedby the previous authors and in

the present work. In the RRKJ method, typically 10 or more spherical Besselfunction terms in

(1.1) wereused,with Qc being varied iterativ ely such that the � Ek is minimised to a pre-chosen

tolerance,say 1 mRyd. It appearsthat using Qc in that way hasthe advantage of controlling the

quality of the total energyconvergencewith respect to the energycut-o� usedin the calculations.

In the LQPH method, the number of spherical Besselfunction terms was �xed to be four so

that there are four � i coe�cien ts for the 	 l (r ) to be determined, making the number of free

parametersequal to the number of constraints, namely norm-conservation, continuit y of the �rst

and secondderivatives of 	 l (r ) at r c , and minimisation of � Ek . E�cien t numerical routines

exist for such a problem, and the reasonably small number (four) of terms in 	 l (r ) helps to

stabilise the numerical procedure. In addition to using just four spherical Besselfunction terms

in 	 l (r ), the LQPH method always setsQc equal to the largest qn , i.e. q4 , which avoided the

variation of Qc and therefore made the numerical procedure signi�cantly simpler than that of

RRKJ.

We recognisethe successof the above mentioned schemes, but the consequencesof some of

their detailed assumptions, such as the value of Qc , the number of terms and the choice of

constraints, werenot fully clear to us. In particular, the role of Qc in optimising pseudopotentials

attracted our attention. From the de�nition in (1.2), Qc can beregardedasa kinetic energy�lter
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controlling the constrained minimisation of the kinetic energyof 	 l in the range q > Qc. If the

minimisation is e�ectiv e, the resulting k-spacepseudowavefunction 	 l (q) will be restricted asfar

aspossibleto the range0 < q < Qc, which will subsequently determine the analogousbehaviour

of the pseudopotential V ps
l (q) in k-spacein solid state applications. A unique correspondence

is therefore likely to exist between Qc and the pseudopotential in k-spaceV ps
l (q; Qc), which of

coursealso applies to Qc and V ps
l (r; Qc) in r -spacedue to the dualit y of r and k spaces.Most

importantly, the scattering property of such a pseudopotential should alsodepend on Qc in some

simple manner becauseit is all in the characteristics of V ps
l (q; Qc). In the current scheme we

thereforevary Qc to control the phaseshift, i.e. logarithmic derivative, aswill bedemonstratedin

Section2. Weshall call this "Qc tuning" and it will bethe crux of the present work. Additionally ,

from the argument above we expect the Qc to correspond roughly to Ecut . The Qc therefore

controls both the scattering property and the energyconvergenceof the pseudopotential in our

new optimisation scheme.

On investigating the choice of constraints, we realisedthat it is not necessaryto imposestrictly

the continuit y of 	 00
l (r ) at r c becauseminimisation of � Ek already more or lessconstrains the

higher derivatives of 	 l (r ) by reducing its high q amplitude. Moreover, dropping unnecessary

constraints meansthat a lessrestricted and more e�cien t minimisation can be performed. Thus

not only can a softer pseudopotential be obtained but also the resulting pseudopotential will

be more sensitive to the choice of Qc , which enhancesthe controllabilit y of the pseudopotential

by Qc . We have, in fact, tried applying the Qc tuning within the four-term/four-constrain t

framework, and found that both logarithmic derivative and the shape of the pseudopotential do

not vary systematically with respect to Qc , which is presumably due to the extra (unnecessary)

constraint which somehow restricts the e�ect of Qc tuning.

However with the use of three terms and three constraints, we found that the logarithmic

derivative and pseudopotential varied smoothly with Qc sothat onecan useQc tuning e�cien tly.

This is the main reasonfor preferring the three-term/three-constraint framework. Incidentally,

keepingthe number of terms and unknown coe�cien ts in (1.1) equal to the number of constraints

is very helpful in maintaining a stable numerical procedure,as found by LQPH. We can alsosee

why the pseudopotential becomessomewhat softer. To a �rst approximation, E cut = Q2
c Ryd.

if Qc is in atomic units as will be assumedhereafter, and Qc is approximately the maximum qi .

Thus omitting the term j l (q4r ) reducesEcut , becausej l (q4r ) has the maximum number of nodes

and hencethe highest Fourier components of the j l (qi r ).

Incidentally, the small discontinuit y in V ps(r ) at r c , corresponding to the discontinuit y in the

secondderivative of the pseudowave-function, doesnot destroy the energyconvergence.At the

q relevant to Ecut , the V ps(q) is determined by the generalshape of V ps(r ), by the discontinuit y

in V ps(r ) at r c given by the discontinuit y in secondderivative of the pseudowave-function, and

by the wiggles in V ps(r ) at r just lessthan r c which are seenclearly in Fig. 1 (c) for example.

For a good Ecut , these neednot individually be zero but it is su�cien t that they more or less

cancelgiving a small total V ps(q) over a rangeof q. In addition the discontinuit y may give some

very small Fourier components extending to very high q, which can a�ect the absolute energy

convergenceof a calculation but which cancel in the calculation of any physical quantit y.

To summarise: using a three-term expansion in (1.1) and three constraints gives a stable nu-
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Figure 1: Oxygen2p pseudopotential with r c =1.8 a.u. showing its variation with Qc . Left-hand-

sidepanels,Vl=1 (r ) : right-hand-sidepanels,logarithmic derivativesof the true potential (dashed

line) and pseudopotential (solid line). (a) Qc=q3 = 0:98 (b) Qc=q3 = 1:15 (c) Qc=q3 = 1:20.150



merical procedureallowing a good 
exibilit y in the pseudowavefunction. It combines well with

tuning Qc to optimise the accuracy of the pseudopotential, which is the main purposeof the

present work. The 
excibilit y can also be used to control the shape of the pseudopotential for

di�eren t l and henceto reducethe number of projectors required in solid state applications. The

limitation to three terms in (1.1) automatically gives a somewhat softer pseudopotential than

previously. The e�ect of Qc tuning and relevant technical points are discussedin Section 2. In

Section 3 somesolid state tests of the pseudopotentials will be presented, which is followed by

a discussionand conclusionas Section 4.

2 The Qc Tuning Metho d

To generatea pseudopotential in the current scheme,as in all ab initio pseudopotential generat-

ing procedures,an all-electron LDA or GGA atomic calculation is �rst performed to obtain all

the atomic orbitals of a selectedcon�guration : in the present work we just use the LDA. The

procedure described in Section 1 is then implemented with three terms in (1.1) and the three

constraints already discussed,while Qc remains as an adjustable input parameter. In Fig. 1 we

demonstrate the e�ect of varying Qc in the current scheme on the oxygen 2p pseudopotential.

Three di�eren t Qc wereusedto generatethe corresponding pseudopotentials, and the logarithmic

derivative was tested on thesepseudopotentials. We can seethat for a given atomic con�gura-

tion and pseudisingradius, there is a certain value of Qc which yields the best agreement with

the logarithmic derivative, in this casethat shown in Fig. 1(b). We note that the logarithmic

derivative curve of the pseudowavefunction for a larger and a smaller Qc deviate from the curve

with the best possibleQc in opposite directions, as shown in Fig. 1(a) and Fig. 1(c). In Fig. 1

we also seethat the shape of the pseudopotential changeswith Qc , which can be regarded as

the reasonwhy the scattering properties of the resulting pseudopotentials are di�eren t. The

monotonic correspondencebetweenthe variation of (a) the Qc , (b) the shape of the pseudopo-

tential and (c) the logarithmic derivative of the pseudopotential is the most important feature

in the current scheme. This feature enablesus to establish a systematic procedure for updat-

ing Qc towards the best results judged by the following criterion. As mentioned in Section 1,

Qc controls the softnessof a pseudopotential as well as its accuracy becauseit a�ects both the

Ecut and the logarithmic derivative of the wavefunction. If transferabilit y is a higher priorit y

in a particular application, then Qc should be tuned to obtain the best match betweenthe log-

arithmic derivatives of the pseudoand true wavefunctions. Depending on the application, one

may require a good match over a wide rangeof energyfor broad bandsor only a narrower range

in the caseof narrow bands. If a satisfactory match can be obtained for a rangeof Qc , then the

smallest Qc should be usedto achieve the lowest Ecut .

By removing the constraint on the secondderivative of the wavefunction at r c , we allow our

pseudopotential to have a discontinuit y there becausethe kinetic energy, which is proportional

to 	 00(r ), is discontinuous acrossr c , and henceso is the potential. Although a large disconti-

nuit y in a pseudopotential can damageits scattering property, in the current scheme the best

possibleQc is chosen to give the best �t of the logarithmic derivative, which thus guarantees

that the discontinuit y is harmless. This is also consistent with our observation that whenever

the logarithmic derivative agreement is satisfactory, the discontinuit y is always small. This can
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alsobe understood from the fact that in the current schemethe high q components of the pseudo

wavefunction are reducedas much as possible,both becausethey are expandedusing the least

possiblenumber of spherical Besselfunctions and also becauseof the minimising procedureim-

posedon � Ek in (1.2). The convergenceof a practical calculation is not a�ected if a suitable

Ecut is chosen,as already discussedin the previous section. Incidentally, it is generally the case

that the Qc yielding the best �t to the logarithmic derivative of the true potential neednot be

the Qc that minimises the discontinuit y of the pseudopotential, even though these two Qc are

usually close. We regard the quality of scattering being optimised by the Qc as being more

signi�cant than the existenceof the discontinuit y.

The harmlessnessof a small discontinuit y is further con�rmed by our experience that good

agreement is obtained between the results of super-cell calculations using both k-spaceand r -

spaceversionsof the samepseudopotential expressedin Kleinman-Bylander form [9]. To convert

the k-spacepseudopotential to one in r -spacewe use the method of King-Smith et al. [10]. It

will modify the original pseudopotential in a way that dependson E cut in minimising the aliasing

error of the Fast Fourier Transform in planewave supercell calculations. The discontinuit y at

r c in the original pseudopotential is smoothed out by the transformation. The fact that both the

original and the transformed pseudopotentials gave almost identical results for the relaxation

and energyof structures shows that the high q feature at r c is irrelevant to the super-cell results

when a reasonableEcut is used.

3 Generation and Test of Some Pseudop oten tials

Although the logarithmic derivative test givesuseful indication about the quality of a pseudopo-

tential, there is no precisecriterion of how good the agreement shouldbe for a particular physical

application. Also the test is evaluated at a given r outside the pseudisingradius r c , which does

not give us the information whether the r c is small enoughfor the frozen core approximation to

be valid for the given application. A solid state calculation is therefore always necessaryfor a

serioustest of a pseudopotential.

To test the pseudopotential generatedby our current scheme,we have chosensomebulk proper-

ties of Cu metal becauseit is a popular casetested by other authors [1, 11]. We follow the RRKJ

paper in using a slightly ionised Cu con�guration 3d9:004s0:754p0:25 from which to generatethe

pseudopotential. After generating the pseudopotential for each l as described in Section 2, it

was converted to Kleinman-Bylander form with the s-potential chosen as the local potential.

Two Cu pseudopotentials wereprepared (Fig. 2), onewith smaller d-coreand the other a larger

d-core, with r c(s;p;d) = (2:0; 2:0; 2:0) a.u. and r c(s;p;d) = (2:0; 2:0; 2; 4) a.u. respectively. The

Qc for these two potentials are Qc(s;p;d) = (3:17; 4:66; 6:47) and Qc(s;p;d) = (3:17; 4:66; 5:17).

In most cases,we found it useful to choose q3 as the initial guessfor Qc from which to start

the tuning, so that it is convenient to expressthe �nal Qc in terms of the ratio Qc=q3. For

the Cu pseudopotentials in this section, this becomesQc=q3(s;p;d) = (0:8; 1:0; 1:175) and

Qc=q3(s;p;d) = (0:8; 1:0; 1:2).

The Cu pseudopotential with the smaller d-pseudocore (r c = 2.0 a.u.) allows our results to be

compared directly with those of other popular schemesin the literature [1, 11], while we shall
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Figure 2: The s;p;d pseudopotentials for Cu. (a) Small r c =2.0 a.u. for l = 0; 1; 2. (b) r c =2.0

a.u. for l = 0; 1 but larger r c =2.4 a.u. for l = 2. (s: dashedline, p: dot-dashed line, d: solid

line)

usethe onewith a big d-pseudocoreto demonstratethe 
exibilit y of using Qc -tuning to generate

a pseudopotential with a larger r c . Although a pseudopotential with larger r c is always softer,

it may not be accurate enough. In our current scheme we can tune the value of Qc so that we

obtain a good logarithmic derivative even for such a large r c .

For calculating the bulk properties of Cu metal, an 8 � 8 � 8 Monkhorst-Pack k-point grid [14]

wasusedfor a simple-cubicunit cell containing four atoms. With such a coarsegrid of k-points,

a gaussiansmearing of the occupation function at the Fermi level of 1eV was needed,and the

energy was corrected appropriately [15]. In the caseof the small d-core pseudopotential, the

convergencetest was done and the sudden drop of the total energy in a super-cell calculation

was found to occur at 650 eV where absolute convergenceto about 0.1 eV per atom is reached

(Fig. 3). To justify the results obtained at Ecut = 650 eV, a similar calculation was also

performed at 1000 eV where the total energy converged to within 0.01 eV per atom, and the

results for the bulk properties, as shown in Table 1, were found to be essentially the same. This

is consistent with our experiencethat the Ecut that gives the calculated total energyconverged

to around 0.1 eV per atom is usually high enoughfor reliable solid state bulk properties. In the

caseof the pseudopotential with a large d-core, the convergencetest was also done (Fig. 3) and

we choseEcut = 500 eV to run the simple bulk property tests which are shown as the third line

in Table 1. Note that the valid comparisonis with an exact all-electron calculation becausewe

are testing the pseudising,not the accuracyof LDA, and we give the LAPW [16] results without

knowing how closely it approximates to that. As one can seefrom the table, the overall result

is satisfactory in comparisonwith experiment [17] and other computational methods.

We have already outlined in the Introduction the idea of "pro jector reduction", i.e. using

Qc tuning to make the pseudopotentials for two angular momenta i and j su�cien tly nearly

the same that a common potential can be used for both. The latter then becomesthe local
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Figure 3: Convergenceof total energy per atom of copper metal with respect to the cut-o�

energy for two pseudopotentials with r c =2.5 a.u. (solid line) and r c =2.0 a.u. (dashedline).

component VL (r ) of the atomic pseudopotential, leaving only one set of projection operators

for the third angular momentum component. The elements B, C, N, O in the �rst row of

the periodic table have only 1s orbitals in the atomic core and henceboth the p (l = 1) and d

(l = 2) pseudopotentials Vs(r ), Vp(r ) contain no corecancellation in the senseof the cancellation

theorem of pseudopotential theory [18], and onemay therefore expect them to be similar. With

Qc tuning it has been found that they can be made extremely similar, as shown in Fig. 4 for

carbon using the parameters given in Table 2. The VL (r ) is then taken as Vp(r ) becausethe

l = 2 components in the wave functions are presumedto be very small. This gave a logarithmic

derivative for l = 2 practically identical to that from the Vd pseudopotential and very closeto

the all-electron oneby the standardsof pseudopotentials. Similarly, very good pseudopotentials

with only an l = 0 projector were also generatedfor C, N and O with the parametersof Table

2. Extensive tests were carried out on the C and O pseudopotentials for the work of Ref.[8] and

on the N pseudopotential with methylamine [19].

Similarly with Qc tuning a pseudopotential was generated for Al with only the l = 0 part

non-local, as given in Table 2. It has been well tested in solid state calculations and gives a

satisfactory value for the C44 elastic constant (correct to 10%) which is notoriously sensitive to

the pseudopotential (Ref [19] p.IV-18). For Br with the parametersin Table 2 the local potential

VL (r ) = �V p(r ) + (1 � � )Vd(r ) (3:1)

with � = 0:7 gave good logarithmic derivatives for l = 1 and 2, again leaving only a projector

for l = 0. This also avoided someproblems in generating the Kleinman-Bylander form of the

pseudopotential [9] for calculations, which was in fact the reasonfor generating it.

154



Table 1: The solid state bulk test of Cu pseudopotentials, comparing the results of the present

calculations (�rst three rows) with those from another pseudopotential [11] and from an all-

electron calculation (LAPW), and with experiment : for lattice constant a, bulk modulus B and

B 0 the pressurederivative of bulk modulus �tted from the equation of state.

Type Ecut (eV) a(�A) B (GPa) B 0

r c(d) = 2:0 a.u. 1000 3.60 166 5.0

r c(d) = 2:0 a.u. 650 3.59 163 5.4

r c(d) = 2:4 a.u. 500 3.66 145 4.8

r c(d) = 2:3 a.u.a 982 3.60 160 5.1

LAPW b 3.61 162

Experiment c 3.61 142 5.28

a Ref [11]
b Ref [16]
c Ref [17]

In the transition elements the Vd pseudopotential is very di�eren t from the Vs and Vp ones,and

it was found for Fe, Co and Cu the latter two could be well represented by the local potential

VL (r ) = � Vs(r ) + (1 � � )Vp(r ) (3:2)

which leaves only a set of projectors for Vd(r ). The parameters are given in Table 2, the

pseudopotential for Co having beentested by solid state calculations for the work on CoSi2 in

Ref [20]. In Cu the q3 for l = 0 was set equal to q2 so that (1.1) e�ectiv ely only contains two

terms instead of three.

In Al and Ge, it was possiblewith Qc tuning to make the pseudopotentials for l = 0, 1 and 2 all

quite similar, which would give a local potential if taken as equal. Such a potential is probably

Table 2: Parameters for pseudopotentials with projector reduction. The secondcolumn gives

the label of the pseudopotential in Ref [19] wheremore details and tests may alsobe found. The

third column gives the atomic wavefunction used for generating the s and p pseudopotentials,

and the secondline in the samecolumn for Vd(r ). The values of Qc for l = 0; 1; 2 are given in

the form of Qc=q3(s;p;d). The last two columns give � , � in Eqs. (3.1), (3.2).

Elemen t (Lab el) Con�guration Vs , Vp Vd (if di�eren t) r c ( s; p; d) Q c =q3 ( s; p; d) � �

B B001a 2s2: 00 2p1: 00 2s1: 00 3d0: 20 all 1.4 0.80, 0.80, 1.00 1.0 -
C C021 2s2: 00 2p2: 00 2s0: 75 2p1: 00 3d0: 25 all 1.4 0.80, 1.05, 1.0325 1.0 -
N N010 2s2: 00 2p1: 00 2s0: 75 2p2: 00 3d0: 25 all 1.4 0.80, 1.05, 1.035 1.0 -
O O051 2s2: 00 2p4: 00 2s1: 00 2p1: 75 3d0: 25 all 1.4 0.40, 1.11, 1.0325 1.0 -
Al Al013a 3s2: 00 3p1: 00 no d is used all 2.4 1.10, 1.10 - 0.8
Br Br000 4s2: 00 4p5: 00 4s1: 00 4p3: 75 4d0: 25 all 1.4 1.00, 1.00, 0.90 0.7 -
Fe Fe002 3d4: 00 4s1: 00 4p0: 25 all 2.4 0.48, 0.87, 1.18 - 0.3
Co Co013 v2 3d7: 00 4s1: 00 4p0: 25 2.0, 2.0, 2.4 0.70, 0.965, 1.18 - 0.2
Cu Cu006g 3d9: 00 4s0: 75 4p0: 25 2.0, 2.0, 2.5 0.80, 0.95, 1.20 - 0.5
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Figure 4: Vl=1 (r ) (solid line) and Vl=2 (r ) (dashedline) for carbon with the parametersof Table

2.

not good enough for modern work, but explains perhaps why empirical local potentials were

found to give rather good results through the 1960'sand 1970'sand even more recently for Al,

Ge and As [21, 22].

4 Discussion and Conclusion

In Section2 wedescribedhow Qc may bevaried to obtain the best �t to the logarithmic derivative

of the original potential, and we turn now to look at how the variation of Qc manifests itself

in the resultant pseudopotential as is required for projector reduction. Fig. 1 shows that the

main e�ect of varying the Kinetic Energy Filter parameter Qc is to change the depth of the

pseudopotential in r -space. One can interpret qualitativ ely the e�ect of the optimisation on

the shape of a pseudopotential from an r -spaceview point, which is useful when using Qc to

regulate the shape of the pseudopotential. If Qc is set to be relatively small, this pushes	 l (r )

in the direction of having lower Fourier components, which meanshaving lower kinetic energy

inside r c . Sincethe energy eigenvalue is �xed and is equal to the kinetic energy plus potential

energy, the low kinetic energy implies a rather shallow (weak) pseudopotential. On the other

hand using a higher Qc results in a deeper pseudopotential asshown in Fig. 1(c). If Qc is reduced

even further, the pseudopotential becomeseven shallower (weaker) and a barrier will be raised

near r c as a result of the norm-conservingconstraint so that the pseudopotential preserves the

correct amount of charge within the pseudo-coreregion. Such a barrier may look strange but

experienceshows it does not a�ect Ecut or the accuracy of the pseudopotential in solid state

tests provided the logarithmic derivative �ts well.

The e�ect of Qc -tuning on the shape of a pseudopotential also dependson other factors. In the
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Figure 5: Logarithmic derivative of carbon before (a) and after (b) projector reduction.

caseof nodelessorbitals such as 2p and 3d, the pseudopotentials are highly attractiv e because

there is no "Cancellation E�ect" from inner shells in the senseof conventional pseudopotential

theory [18]. Optimising these pseudopotentials therefore meansshifting the electrons outward

from the centres of the atoms. On the other hand, in the caseof (soft) pseudopotentials that

do have a cancellation e�ect from inner shells, using a smaller Qc meansspreading the charge

distribution inwards towards the centres of the atoms, which serves to lower the magnitude of

the originally repulsive (or weakly attractiv e) pseudopotentials at r = 0, but has less e�ect

on their shape near r c . Such a trend can be used to systematically regulate the shape of a

pseudopotential by tuning Qc .

Figure 4 illustrates the useof Qc tuning to achive projector reduction. It shows l = 1 and l = 2

pseudopotentials V1(r ) and V2(r ) for C which have beentuned using Qc to resemble each other as

closeby as possiblewhile retaining a good �t to the all-electron logarithmic derivative (Fig. 5).

Tests showed that the resemblance was su�cien tly good to use V1(r ) also for V2(r ) and for all

higher l , i.e. to take it as the local component of the pseudopotential. Thus only one projector

for l = 0 was required. The experiencewith generating pseudopotentials with reducednumber

of projectors for the elements listed in Table 2 suggeststhat this idea can probably be extended

to a signi�cant number of other elements.

The current scheme has been used to generatea signi�cant number of pseudopotentials for a

wide range of applications. A completeperiodic table of pseudopotentials is available commeri-

cally from Molecular Simulation Inc. for usewith the CASTEP code for solid state applications,

though not all have beenthoroughly tested. Nearly 300 papers have beenpublished in the aca-

demic literature with calculations using pseudopotentials generatedby the present method. We

referencesomeof the early onesbecausethey tend to contain more details of the pseudopoten-

tials, namely those for Co [18]; Ge [21]; C, O and Pd [22]; Cu and Cl [23]. The pseudopotentials

for C and O were tuned especially for projector reduction in the large dynamic calculation on a

zeolite [8] as already mentioned. More details on 38 elements may be found in Ref [19].
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The code for generatingpseudopotentials by the present method will be available at the website

http://www.ph ys.tku.edu.tw/qc/

In summary, therefore, we have introducedan improved schemefor generatingOptimised Pseu-

dopotentials. The Qc parameter is used in a new way, and is tuned to give as accurate a

pseudopotential as possible, meaning a good match to the all-electron logarithmic derivative

of the wave function over a suitably wide range of energy. The continuit y constraint of 	 00
l (r )

at r c is dropped and the number of terms in the expansion (1.1) is also reduced to three, to

remain equal to the number of constraints in order to give a numerically stable algorithm. The

reduction to three terms automatically tends to make the pseudopotential softer becausethe

cut-o� Ecut in solid state applications is largely controled by the highest qi appearing in (1.1).

Dropping the constraint on continuit y of the 	 00
l (r ) meansthe pseudopotential has a disconti-

nuit y at r c , but in practice the Qc is tuned in our scheme to match the logarithmic derivative

which always makes the discontinuit y small, so that it does not adversely a�ect the accuracy

or the softnessof the pseudopotential. In somesensethe dropping of one constraint allows the

pseudowavefunction (and hencepseudopotential) greater freedomfor optimisation with regard

to accuracyand convergenceproperties.

A most important point is that the generatedpseudopotential and the corresponding logarith-

mic derivative vary with the chosen Qc parameter in a systematic way. One therefore has a

well controlled situation for generating and improving a pseudopotential for any given physical

application, depending on the required balancebetweenE cut , the accuracyof the pseudopoten-

tial and the width of the energy range over which it has to be accurate. This is important for

many calculations. Moreover we have shown how one can physically understand the connection

between Qc and the shape of the pseudopotential, which helps one to operate the scheme sys-

tematically and e�cien tly. The scheme represents a further signi�cant step toward generating

systematically good norm-conserving pseudopotentials for a wide variety of physical systems.

We have also demonstrated how to use Qc tuning method to reduce the number of non-local

projectors of pseudopotentials for quite a few elements. Theseprojector reducedpseudopoten-

tials allow oneto save signi�cant computing time while remain asaccurateasnormal unreduced

ones.

Ac knowledgemen ts

We are grateful to Dr. K. Rabe for the very useful discussionon the useof Qc at an early stage

of this work. We also want to thank Dr. R. J. Needsfor his interesting comments on basisset

expansionsfor pseudowavefunctions.

References

[1] A. M. Rappe, K. M. Rabe, K. Kaxiras and J. D. Joannopoulos, Phys. Rev. B 41, 1227

(1990).

158



[2] A. M. Pappe and J. D. Joannopoulos, in Computer Simulation in Material Science,edited

by M. Mayer and V. Pontikis, pp. 409-422(Klu wer, Dordrecht, 1991).

[3] J.-S. Lin, A. Qteish, M. C. Payne and V. Heine, Phys. Rev. B 47, 4174(1993).

[4] D. Vanderbilt, Phys. Rev. B 41, 7892(1990).

[5] C. Pickard (priv ate communication).

[6] R. Car and M. Parrinello, Phys. Rev. Lett. 55, 2471(1985).

[7] M. C. Payne, M. P. Teter, D. C. Allen, T. A. Arias and J. D. Joannopoulos, Rev. Mod.

Phys. 64, 1045(1992).

[8] R. Shah, M.C. Payne, M.-H. Lee and J.D. Gale, Science271, 1996 (1996); R. Shah, J.D.

Gale and M.C. Payne, J Phys. Chem. B 100, 11688(1996); Int. J. Quantum Chem. 61,

393 (1997); J. Phys. Chem. B 101, 4787(1997); J.D. Gale, R. Shah, M.C. Payne, I. Stich

and K. Terakura, Catalysis Today 50, 525 (1999).

[9] L. Kleinman and D. M. Bylander, Phys Rev. Lett. 4, 1425(1978).

[10] R.D. King-Smith, M.C. Payne and J.-S. Lin, Phys. Rev. B 44, 13063(1991).

[11] N. Troullier and J. L. Martins, Phys. Rev. B 43, 1993(1991).

[12] P. E. Bl•ochl, Phys. Rev. B 41, 5414(1990).

[13] D. R. Hamann, M. Schluter and C. Chiang, Phys. Rev. Lett. 43, 1494(1979).

[14] H. J. Monkhorst and J. D. Pack, Phys. Rev. B 13, 5188(1976).

[15] M. J. Gillan, J. Phys : CondensedMatter 1, 689 (1989); A. De Vita, Ph.D. thesis, Keele

University, 1992.

[16] Z. W. Lu, S. -H. Wei, and A. Zunger, Phys. Rev. B 41, 2699(1990).

[17] P. van 't Kiooster, N. J. Trappeniers,and S. N. Biswas, Physica B 97, 65 (1979).

[18] V. Heine, Solid State Physics24 , 1 (1970).

[19] M.-H. Lee, Ph.D. thesis, Cambridge University, 1995.

[20] V. Milman, M.-H. Lee, and M. C. Payne, Phys. Rev. B 49, 16300(1994).

[21] I. J. Robertson, M. C. Payne and V. Heine, Europhys. Lett. 15, 301 (1991).

[22] M. Needels,M.C. Payne and J. Joannopoulos, Phys. Rev. B 38, 5543(1988).

[23] V. Milman, D. E. Jesson,S. J. Pennycook, M. C. Payne, M.-H. Lee, I. Stich, Phys. Rev. B

50, 2663(1994).

[24] P. Hu, D. A. King, S. Crampin, M. -H. Lee and M. C. Payne, Chem. Phys. Lett. 230, 501

(1994).

[25] H.-C. Hsueh, J. R. Maclean, G. Y. Guo, M. -H. Lee, S. J. Clark, G. J. Ackland and J.

Crain, Phys. Rev. B 51, 12261(1995).

159


