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Abstract

Correlated Electron-lon Dynamics (CEID) is an extension of molecular dynamics that
allows us to introduce in a correct manner the exchange of energy between electrons and
ions. The formalism is basedon a systematic approximation (Small Amplitude Moment Ex-
pansion- SAME). This formalism is intro duced, including modi cations to accourt for open
boundaries, its structure analysed,and someresults given (the heating of an ion by current
carrying electrons,and inelastic I-V spectroscofy). The computer code that implemerts the
closedsystemversion of the formalism (Dinamo ) is described. We closewith somethoughts
about the future prospects of this approadc.
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1 Intro duction

Molecular dynamicsis a well-establishedcomputational method for studying the dynam-
ical properties of materials[]]. The certral ideais to allow a collection of atomsto move
under the in uence of forcesaccordingto Newton's secondlaw of motion (R = F =M ),
whereR (t) is an atomic coordinate at time t, F is the forceon the coordinate and M is
an atomic mass. Di erent materials are accommalated through the choice of the expres-
sionfor the force (which rangesfrom simpleforce elds[2] to high-lewvel electronicstructure
calculations[3) and the massof the atoms. The immenseuitilit y of this approat stems
from two things: its greatgenerality and its obvious connectionto the material world. The
generality of force expressionallows a huge array of materials to be considered(common
examplesnclude biologicalmolecules[#and metalssubjectedto high energyradiation[5]),
while the generality of the dynamical equationsallows a wide range of conditions to be
considered(notably both equilibrium and non-equilibrium systems)through the choice of
initial and boundary conditions[], 6]. This is a remarkable achievemer for onemodelling
technique.

Underlying corvertional molecular dynamicsis a pair of well-de ned assumptions: the

atoms can be treated as classical(that is, not-quantum) particles that follow precise
trajectories;there existsa well-de ned setof forceswhich are a function of atomic position

(and possibly velocity). The latter assumption can be interpreted to mean that the

electronsremain on one Born-Oppenheimersurface(in the absenceof velocity dependert

forces). This will be true provided the energyseparationbetweenthe surfacesis greater
than h! , where! is a characteristic atomic vibrational frequency This clearly eliminates
all metals. But even then the e ects are small becausehe atomic forcesfrom ead of the

Born-Oppenheimersurfacessampledare rather similar to one another. The lowest order
correctionscan the approximately included by meansof a velocity dependert force that

introducesthe lossof energyof fast atomsto the electrons[7, but this is negligible except
for highly energeticatoms.

The above represets a state of a airs that appliesto many materials problems. However,

there are particular problemsin which transitions between Born-Oppenheimersurfaces
cortrol the phenomenabeing investigated. Two problemsof this type with which we are
familiar are: irreversible exdhangeof energybetweenions and current carrying electrons
(leading to Joule heating and inelastic I-V spectroscoly); non-radiative relaxation of

excited electrons(or polaronsor electron-holepairs) in polymers. Cornvertional molecular
dynamics cannot handle these problems, so we needto introduce somemodi cations to

accommalate them.

An approad usedby a number of researbers when faced with these phenomenais the
Ehrenfest approximation[8]. At the bad of this is an exact set of results, namely the
Ehrenfest equationg9] which areR = P =M and R = F whereP is a componert
of momertum. While theselook like the ordinary equations of Newtonian medanics,
they of courseinvolve quartum expectation values(R = ( |R| ),P = ( |P| ),F =
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( |—@R)=@ | ) whereB(R) and | ) are the Hamiltonian and wavefunction for
the whole system (electrons and ions)). The Ehrenfest approximation then makes an
anzatz for F namely F = ( | — @e(R)=@ | ). Thus the full Hamiltonian H (R)
which dependson the ionic position operator R is replacedby the mean eld Hamiltonian
H(R) = T + A(R) (1| is the ionic kinetic energy operator) produced by substituting
the ionic position operator by its expectation value, and the full wavefunction | ) is
replacedby the electronic wavefunction | ) which obeys H¢(R)| ) = ih@ )=@ This
appraximation descrites somephenomenacorrectly (sudh as the excitation of electrons
by fast ions), but others incorrectly (such as the heating of ions by current carrying
electrons[1().

The Ehrenfestappraximation is attractiv e becauset retainsthe good featuresof molecular
dynamics (generality of systemsand properties), while adding the new feature of being
able to model somenon-adiabatic processes.But it clearly needsfurther extensionsto
reproduce many other non-adiabatic processesnotably the excitation of ionic motion by
energeticelectrons.

In the next sectionwe descrike the basic mathematical structure of our method which al-
lowsusto model moregeneralnon-adiabaticprocesses[J1ldiscussaway of thinking about
guartum medanicsthat is particularly well suited to this problem, and then explain the
behaviour of our method from this perspective. In the subsequen sectionthis molecular
dynamicsapproad is comparedwith establishedperturbative calculations[12 13, 14]. We
then look at an extensionof the method to accomalate open boundaries[§, and descrilke
the program usedto implemert the algorithm (Dinamo ). Finally we report results ob-
tained with our method, and then concludewith somethoughts about the future of this
approad.

2 Moment expansion approach to CEID

2.1 Small Amplitude Moment Expansion (SAME)
2.1.1 Main equations

As we have descrited above, the Ehrenfest appraximation is achieved by replacing the
ionic position operator R by its expectation value R . We now introduce uctuations
about this meanvalue through the quartity R = R — R [11]. Instead of using wave-
functions it is much easierto work with the density matrix of the system#, in terms of
which we canimmediately de ne an electronicdensity matrix ~, = Tr; {*} whereTr, {?}
meansthe trace over ionic coordinates. In a real spacerepresetation this would be
e = dR(R|NR). The equation of motion is the quartum Liouville equation

h i

ih@ = A;n

@ (1)
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h i
where the squarebradkets signify a comnutator: H;~ = B~— M. This equation of

motion is the foundation of our approad. If wewrite the Hamiltonian asH = T, + R(R),
then the Ehrenfestappraximation can be written as

R = ;I—; P =F
( ! i
. @r @ Ny
F =Tre %% — @& ; |h@ = Iqe(R), e (2)

where Tre {?} meansa trace over electronic degreesof freedom. Note that if we de ne
the Ehrenfestenergyby Egnrentest = P2=2M + Tr, ’\elfle(R) the above equations
of motion have the great virtue of conservingthis energy

Keeping the above in mind, we now derive a more general set of equations for which

the Ehrenfest method is the lowest order approximation. The key physical idea is that

atoms are well de ned by classicaltrajectories(R ) but that theseare slightly broadened
(characterisedby  R?) becauseof the quartum nature of the ions. Thus we have:

nh io
ih@ = Tr, T+ B(R); 7
@ " #)

X
T He(R) + R

I
IS
~
Z
0>
I
o
>
R

where we have intrg duced the force operator F = —@(R)=@ , and the rst momert
N.o= T R ~ . In generalthe momerns measurethe ionic distribution[15, 16, 17]
as a function of electronic state. We will provide a more intuitiv e explanation for this
later on. Note that we will only keepterms in expansiongshat producethe e ects we are
interestedin.

To ewaluate the equation of motion for 7, we needto nd ”;. . We do this by using its
equation motion:

n h i0
@i - Lo R AR, —RA
@ e y #)
= %Tn R T +HAdR)+ O Iﬁo@;(?)+.,.;/\ R A
A h i X h i
;1 A 1% A
= ot He(R); M. — o Foifg o i

0

n 0 0
Wehaveintroducedtwo further momerts: *;. = Tr;, P~ and”, o=Tr, R R,

where P = P —P . Weonly needto keepelectron-ioncorrelationsin the rst momerts,
but we needthe width of the ionsto appear somewhereso we write

— ~RR
A2; o~ CTo %
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n 0
whereCRR = Tr R R o . The equation of motion for ";. is

@+ 1 h i X qh [
= = = HBR:;N. - = Fof oo+

@ in ° ’ L in !
1 r_“A A lX A A
é et e I‘—A —é }ez; 0%y, ot 1;0'62; o + Il

0
n o)
where A, o= 1Tr, =4 IQ(E)+ Ro P ~ ~ CPRA, and we have de ned CPR =

n
ITr P Ro+ R, P ’;] ,K\zb 0= @ﬁe(%):@ @!g o (a sort of spring constart),

P
F =F —F,andF =Tre %F — ,Tre ~K o . To obtain closurewe need
n

0
equationsof motion for CRR and CPR. This involvesintroducingCP% = Tr P P o* |
and hencewe have

@RFS _ CPFS N CPOR
@ M M o
@™ _ C%, Trenlf A, o0 —X Ko oCRBo
@ M o ' 0
@E@'j% _ Trenr-“ Aot hy ﬁoo _x00 CPRK . 0o+ Ky 00 PR
n 0}

whereKy o= Tre K\z; o”e . We now have a closedset of equations. Howewer, these
involve many-electron density matrices which are computationally intractable. Thus we
have to reduce the many-electron density matrices to single-electronmatrices by trac-
ing out all but one electron[1]. To produce closure we have to make a Hartree-Fock
appraximation for two-electron density matrices. But note that sincethe single parti-
cle density matrix is not in generalidempotent we needto augmen the usual result
A2 (12,1929 = AV (1; 1978 (2,29 — A (1; 297 (2; 19[18]. The formal procedure (taken
only to rst momen) is explained elsewhere[1}l and the new result will be givenin an
upcoming paper. From now on, the equationswill be for single-electronmatrices.

2.1.2 A model of quantum mechanics

Having written down a set of opaqueequationswe needsomeway to understand them
intuitiv ely. This rst requiresusto have someway of thinking about quantum medanical
density matrices. In this cortext they are most naturally thought of as distribution
functions correspnding to collections of trajectories (or Feynman paths: they do not
needto correspnd to solutionsof an equation of motion). Thusthe quartum width of an
atom refersto the range of allowed trajectories available to it. Immediately we seethat
the averagekinetic energyof an atom is not determined by the averagemomertum, but
alsoby the spreadof momerium

X pz X 1

= R 2+ 2
2M 2M P P

T|:
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Thus atomic heating (increasein kinetic energy) has two componerts: the \classical"
componert from the averagemomerium, and the \quantum" componert from the spread
in momertum.

The force from the atoms felt by the electronsdependson the positions of the atoms,
and hencetheir trajectories. Thus a spreadof atomic trajectorieswill produce a spread
of forceson the electrons, and hencethe spread of electronic trajectories. Likewise,a
spreadof electronictrajectorieswill produce a spreadof forceson the atoms, and hence
of atomic trajectories. We are now in a position to understandthe SAME equations.

2.1.3 An interpretation of SAME

We begin with the simplest case,the Ehrenfest appraximation. The atoms are clearly
represeted by just one trajectory (R (t)), and sothe quarntum width is zero. This is
re ected in the dynamics of the electronswhich experienceonly H¢(R). Becausethere
is no dispersion of atomic trajectories there is similarly no dispersion of the electronic
trajectories.

This latter point can be seenmost clearly by assumingthat the electronscan be repre-
sented by a singleSlater determinart. In this casethe equationof motion for the electrons
(in terms of the single particle density matrix) becomes

@ h [

ih—é = AFF: D
where ") is the Fock matrix. If A&D | P (1)) = in8 (1)) where| (1)) is a
single-particle state, and ~5” = | (P ( (1), then we nd that @,=@ = O.

Thus the eigensgctrum of the density matrix remainsunchanged,and if the electronic
systemstarts as a single Slater determinart, it remainsso for evermore. This is what we
mean by a single electron trajectory. Thus the Ehrenfest approximation correspnds to
represeting the electronsand ions individually as single trajectoriesthat interact with
one another.

Another way of phrasingthis is that the Ehrenfestapproximation is a mean eld approx-
imation in which all uctuations have beensuppressedlt is this feature that prevens it
from properly describingthe ow of energyfrom electronsto the ions[10]: the ions seethe
electronsas a cold gasregardlessof the state of excitation (de ned by the occupancies
fn), andsoheat o wspredominartly from ionsto electrons. There canbeasmall ow the
other way if the mean electron density becomessu cien tly rough, but this still provides
quartitativ ely wrong results[g.

Thus we seethat the correct energytransfer requiresthe electrongasto have its uctua-
tions restored, which by our earlier argumerts meansthat the ions must also be allowed
to uctuate about their meantrajectory. Quartitativ e resultscanbe obtained at the level
of the rst momert (seelater in this article for results). The explanation is as follows.
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Consider rst the equation motion for the electrons

@ h i X nh io
m%: AEE A T R A, A

e

where we have unpadked "(11;). The rst term is just the Ehrenfestterm, so we focus
on the secondone. The quartity R F™ givesthe linear variation of the force felt by
the electronsdue to the ions with displacemen of the ionic trajectory from the mean
trajectory. Thus, dispersionin the ionic trajectory will now produce dispersionin the
electronictrajectories.

Topseepxplicitlyiwhat is meart by dispersionof electrontrajectorieslet us write in"® =
1. AQ)
FW; a0 sothat

@ h [
ih— = ﬁéHF);/\(el) + ip"® (3)
@
; (1) _ P (1) ) . . L. .
As above, we now write "’ = | 77 (t))fn( ' (t)], which after inserting into equation
(3) gives
@,

@ ! SO P )

Thus the occupanciescan now change. This meansthat if we started from a single Slater
determinart, this must ewlve into an incohere sum of determinarts correspnding to
ewlving uctuations in the electrongas. That is, we how must write:

AL — } A1)
e m e;m
m

Where ’\él?n i§ produced from a single Slater determinart and ewlves as ih@‘él}n:@ =

B AD and} ., isthe probability of beingin that state, and itself ewolvesin response
to ionic uctuations.

Sofar we have not consideredthe explicit width of the ionic bundle of trajectories. This
information is presen in "(11;), but hasto get there from somewhereand that somewhere
is the equation of motion which we can write as

@\(1_) A 1 h i 1 X h i
L o_ L lqéH F); ,\(11;) - CRR I‘—A(%); ,\‘(31)

- 4+ =
@ M ih ih

0

Information about the ionic width is provided explicitly by CRR. It also propagates
through from "{? which dependson CP%.

Thus, by keepingelectron-ioncorrelationsup to the rst momen ("(11;) and A(ll;)) and using
the mean eld expressiondor the secondmomerts (*,. o~ CRR ", etc.) we are able to
capture many important features(seebelow for results) deriving from the interaction of
time-ewlving uctuating electronsand ions.
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2.2 Analytical features of the metho d

We will now discussse\eral analytical properties of the method. We have cortinually
found these properties helpful both as a reality chedk and, in a broader sense,as an
additional sourceof insight into CEID and into the dynamical processeshat the SAME
algebrarepresets.

2.2.1 Detailed balance and statistical prop erties

Let usreturn to the question of electronictransitions driven by the electron-ioncorrela-

tions, viewed this time at the many-electronlevel. Let | ) = | (t)) and P = P (t) be
the eigervectors and eigervaluesof the many-electron density matrix . sothat
X
o= )P (]

Then SAME enablesus to write the equation of motion for % in the form

AN

iht, = [Ae el + "% — %Y + G[A] (4)

and to obtain explicit forms for the self-energy-lile operator ™ and for the superoperator
G[”], which remain valid for restricted, but nite, lengths of time after the conbined
electron-ion system has beenallowed to ewlve. Leaving theseforms to a future paper,
let us here concerrate on the following results.

The hermitian part of " constitutes an e ective correction to H.. The resultart new
e ective Hamiltonian for the electronswould, by itself, produceunitary temporal evolution
with constart P . As was indicated earlier, this is the type of ewlution that would
be obeyed by an isolated system of electrons, or by electronsthat interact with their
surroundingsthrough at most mean eld interactions.

The antihermitian part of ", togetherwith G[], on the other hand, drivestransitions in

the density matrix, which manifestthemseles as time-variation in its eigervalues. This

meansthat ewvenif the combined electron-ionsystemis described by a pure state (a single
state-vector that could itself of coursebe a coherem superposition of other state-vectors),
the electron subsystemitself cannot be descrited in that way. Instead, after tracing out
the ionic degreesof freedom, we are left with an e ective description of the electrons
given by an incoheremn mix of many-electron state-vectors (the eigervectors of ), with

time-dependent weights. The propagation of this incohere mix of states furthermore
cannot be descriled by a singlee ective hermitian electronicHamiltonian, for if it could,
then an initially pure electronic state would not split into an incoherern shower in the
rst place.

Notionally, we could think of this incoheren shawer of electronic statesas a collection of
independent quarntum electronicewlutions, correspnding to di erent possibleewolutions
of the original correlated electron-ion system. It is a strength of SAME, howeer, that
we do not have to make this interpretation. We do not, furthermore, have to in any way
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prejudge the nature of the ewlution of the shover. We do not, in particular, have to
attempt to imposead hoc forms on the above transitions, sud ashops{ instantaneousor
not, random or not { betweendi erent states. Theseprocessesre allowed to take place
naturally, in whatever way the quartum Liouville equation dictates. Indeed, SAME is as
accurate{ within a given level of the momern expansion{ asthe many-body electron-ion
time-dependert Sdreodinger equation (TDSE). A strength of SAME though is that by
breaking down the TDSE into interpretable terms, it helpsus understandthe processes
descrited by this equation.

The forms of * and G[%], furthermore, are suc that the time-varying eigervaluesof
obey a rate equation of the form

X
P=" (-PW +P W) (5)

wherethe coe cients W aresetby " Since” dependson *, and sincethe propagation
of the latter is driven by ., the coe cients W can themselhes be viewed as functions
of the density matrix. Equation (5) thereforerelatesthe rate of changeof every P to
the microscopiccortent of 7, and for this reason,at leastfor the purposesof the presen
discussionwe regardequation (5) asa statemen of detailed balance. Equation (5) comes
about asa consequencef SAME. It is not an a priori stipulation.

Let us now briey turn to another question. Let us go badk to the world of classical
medanics and ask, how would one go about writing down an analogueof SAME for a
system of classicalinteracting electronsand ions. The rst question we would have to
resole is what quartity, if any, is to take up the role of momert operators sud as ;. .
Thereis but onepossibleanswer. Wewould rst andforemosthaveto considera statistical
ensenble of copiesof our correlated electron-ion system, descriked by a classicalphase-
spacedistribution function f (& p;R; P;t), wherelower- and upper-casesymbols represen
classicalelectronandion canonicalvariablesrespectively. Then we cande ne the classical

analogueof *;.  (now a scalarfunction of +; p)
Z

1 = R f(~p;R;P;t) dRdP

where R =R —R ,R = R R f(rp;R;P;t) dedpdRdP. For the actual developmen
of the classicalmomert expansion(basedon the classicalLiouville equation), we would
expect an algebraically analogousroute to above, with certain replacemets: electronic
operatorsbecomescalarfunctions in the classicalphasespace;tracesbecomephase-space
integrals; [; ]9iA turns into a correspnding Poissonbracket.

While this mappingfrom quantum to classicalSAME may seentrivial, it hasthe following
implication. Supposethat quantum medanics, and, in particular, the quarntum state-
vector | ) (e.g. that for the combined electron-ionsystem, but also more generally) and
the TDSE, descriled a singlesystem(as opposedto an ensenble). Then, sinceaswe have
seenthe TDSE leadsto SAME in the quantum case we would expect Hamilton's equations
of motion to lead to a classicalform of SAME for the correspnding classicalsystem.
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But we have just arguedthat we may write down a classicalform of SAME only for a
classicalensenble, not for a single system. Therefore,we have to concludethat quantum
medianics, and | ) and the TDSE in particular, descrite an appropriate (quantum)
ensenble of copiesof a given system,and not a single system. Of course,this statistical
view of quantum medanicsis known. But we have found that the SAME description of
interacting many-particle systemsmakesit especially compelling and intuitiv e (and the
other way round).

2.2.2 Connection with electron-phonon perturbation theory

A widely usedtool in the theory of electron-phononinteractions is a model electron-
phonon Hamiltonian, basedon an expansionof the true electron-ionHamiltonian to sec-
ond order in the ionic displacemets on somereferenceBorn-Oppenheimersurface. We
could make this expansionin two ways. If we expandabout the equilibrium classicalionic
positions, Ry, on that surface,then we obtain the Hamiltonian [10]

X 1 X
F'O = lqe(Ro) — If (RQ))@ + f| + é )@ K O)Q 0 (6)

whereX = R —(Ro) andK is the Born-Oppenheimerdynamical responsematrix. The
rst term descrikes unperturbed electrons,in a phonon-freeenvironment, with relaxed
frozen classicalions. The secondterm is the electron-phononinteraction. The last two
terms descrike unperturbed Born-Oppenheimerphonons. This is the standard electron-
phonon Hamiltonian in solid state theory.

Making the expansionabout R instead, in the spirit of SAME, yields the closelyrelated
Hamiltonian [10]

X 1 X
H = B(R) — |f(|:z)|ﬁ+‘["|+é RK o Ro (7)

. 0

For small variations in R about Ry, the two Hamitonians are equivalert.

Our task now is to shav that SAME, appliedto H, yields the samelowest-orderelectron-
phonon transition rates, as standard electron-phonon perturbation theory, applied to
Ho. The purposeof the exerciseis to demonstratethat despite its di erent algebraic
appearance,SAME incorporatesthe selectionrules that cortrol inelastic transitions.

For simplicity, we considernon-interacting electronsand just one dynamical ionic degree
of freedom, so that the index can be dispensedwith. All electronic operators below
are one-electronoperators and we dispensewith superscript 1 for simplicity. We ignore
variations in R, with R ~ Ry, sothat the two Hamiltonians above are now the sameand
we can dispensewith the arguments of B and F. Consider rst the equationsof motion
for the ionic momerts. They now read

3 CPR

C-RR -
M
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CPP n o
CPR = v _KCRR 4 Tre EA
n o
CPP = —2KCPR+ 2Tr, F” (8)

where, for short, we have written » (") for ~; ("1). The physics descrited by these
equationsis the following. The quartity

1 n_ o
W = mTre = (9)

is the power dissipatedinto the ion by the electrons[10. This power comesin askinetic
energy It is then repartitioned, between kinetic and potential energy via the quan-
tity CPR, which e ectively mediatesthe comnunication betweenthe two ionic canonical
variables (momertum and position). This conduction of heat around ionic phasespace,
howewer, is modulated by the electrons,via the last term in the secondone of equations
(8). Indeed, we know that lattice heat conduction in metals is heavily suppressedoy
phonon-electronscattering.

Let usnow turn to the equationsof motion for the electronicdensity matrix and momernt
operators. Making use of the Hartree-Fock relation for the two-electrondensity matrix,
given earlier, we obtain

A 1 BAN 1 BN

N — 1 - A 1 f,\ "

A= E[ﬁe’ ]—ECRR [F: e]+—|vI (11)
N 1 N 1 A A APA 1 PR AT _KA

== e TSP+ AF) = AR = 2 CPR [P A - K (12)

We imagine releasingthe electron-ion systemfrom an initial product state, in which "
comnutes with H., while the vibrations are in a harmonic-oscillator eigenstatewith N
phononsand with CPR = 0. In the absenceof electron-phononinteractions, the two
subsystemswould remain in that state forever.

The electron-phononinteraction is realised by the quartity F. To do a lowest-order
perturbative calculation we therefore now have to linearise the above equationsin F.
Thus, we set CPR = 0, CRR = CRR(0) = nh! =K, n = N + 1=2,! 2 = K=M, and drop
the last term in equation (10). This leavesus with two coupled equationsfor ~ and ".
Taking matrix elemets of thesetwo equationsin two eigenstatesof 2. (and of H.), with
occupationsf ; f andenergiesE ;E , and de ning 2 = K~ we get

z =—il z +12 +in(f —f)F
f +f
— = —jl — —ff F
| z >
whereh! = E — E . The solution for is

= %%{exp[i(! + D(P=! — Q) —expli(!  —!)t](P=i! + Q)+ 2Q}
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where

P=—-nl! (f —f)+12 —f f

f +f
2

f +f

Q= —inl (f —f )+l —f f

Substituting this into equation (9) and taking the long-time limit (when (sin! t)=! —
(1)), gives(with a factor of 2 addedfor spin degeneracy)
X
W= F L@ +1)[-(N+1=2)(Ff —f )+ (f +f)=2—-1Ff]
+ (0 =D(N+21=2)(f —f)+(f +f)=2—-1F 1]}

This expressions algebraicallyidentical (after somerearrangemet) to the correspnding
result for the power dissipatedinto phononsby excited electronsobtained by rst-order
scattering theory basedon the standard electron-phononHamiltonian Ho given earlier
[13].

We have demonstratedin a previouspaper [11]that SAME, alreadyat the level of the rst

momert, indeed reproducesthe above analytical result in actual numerical simulations
of ionic heating in a current carrying atomic wire. This agreemen is highly signi cant
becauseunlike the argumert above, the SAME equationson which the simulations are
baseddo not make useof any referenceBorn-Oppenheimersurfaces,nor are these simu-
lations perturbative.

Let us now considerthe transition ratesdirectly in . The solutionforz =K is
1 F . : : .
z = éﬁ{exp[l(! + ItJ(=P+ i1 Q) —expgi(! —!)](P+il Q)+ 2P}
From equation (10) we have X
2
= —Im F

Substituting in and taking the long-time limit gives

_2 X IF P{(E +A)(N+1=2)(f —f)—(f +f)=2+f f ]
- h2M| '

+ (E —R)(N+1=2)f —f )+ (f +f)=2—Ff]

This is algebraicallyidertical to

2 T BN Q-f) (€ +R)-NE A1) E — )
- h 2M! | |

H(N+1f 1—F)(E —H)+Nf (L—Ff)(E +hl)}

The latter is the known quartum correlated electron-phononscattering-rate expression,
which incorporatesthe selectionrulesfor inelastic current-voltagespectroscopy [14]. There-
fore, we expect SAME, at the level of the secondmomernt, to capture inelastic transport
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spectral features. We will demonstrateby direct numerical simulations later on that this

is indeedthe case. The above analytical results incorporate also the ingredierts needed
for making the crosseer from ionic heating, via thermal equilibrium, to ionic cooling,

in the presenceof an excited electron gas, as a function of the e ective phonon energy
[12]. We thereforeassertthat SAME enablesus to monitor directly the ow of heat badk

and forth betweenthe two subsystemswith the added advantagesthat SAME is not a
perturbative sheme,that it makesno useof any Born-Oppenheimerreferencesurfaces,
that it implicitly accours for anharmonicity and that it is, above all, a form of MD that

portrays theseprocessesn real time.

2.3 Innite lead current formalism

One area where the interaction between electronsand ions (and the transfer of energy
betweenthe di erent subsystems)s important is in the areaof conduction of nanostruc-
tures, e.g. atomic-scalewires[19. To examineproblemsof this nature, we needto be able
to considera device (where the physics which we are concernedwith is localised) con-
nectedto an ervironmert, which might typically be a pair of leads(allowing exdangeof
electronsand energywith the surroundings). In the description below we explicitly con-
sidertwo leads,working at the Ehrenfestlevel, though the formalism extendsin principle
to a much broaderernvironment model, and to the higher momert expansiongdetails will
be preserted in a paper under preparation).

We start from the quantum Liouville equation, Eq. (1), and divide the systeminto two
regions: a device,labelled D, and the ervironmert, labelled E. Then we can write:

ih% = [Mo; %]+ (Roe b — “oeHep) (13)
ih@éE = Hp%e — wHoe + Hoee — vele (14)
ih% = [Ae; %]+ (Pepve — “eoHoe)

— 2ih E(AE - Aref); (15)

where a damping term, 2ih (" — "), hasbeenintroducedto the ervironment and
will be desciked below.

Now we can apply di erent time ewlution shemesto the environment (which we want

to act as a bath of energyand electrons)and the device. For the environmert, we seek
a closed,integral form. We assumethat the Hamiltonian is static. If we de ne a driving

term iiGe = (Mep e — "eoHpe) and de ne the value of the referencedriving term by

0= [He; % (0)] + irGY — 2in ( "=(0) — "), then we can write:

Z t
)= A2 0)+  dx Ox) Ge(t—x) - 60 O (x); (16)
0

whereO(t) = e etgfet=I- s a time evolution operator which arisesfrom the commnutator
of A and He, and includes the damping introduced in Eq. (15). The e ect of this
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scattering-like g term will be to localise *¢(t) in time, enhancingthe natural time
localisation of the time ewlution operators[g.

The time ewlution operators are most easily evaluated from the electronic Green'sfunc-

tions for the ervironmert region, §(z):
4

O@)=e ' dEEH" lim Im 1 §(E +i ): (17)

These operators implicitly include the semi-in nite ervironmert given by the Green's
functions; when coupledwith the referencedensity matrix, "¢, for a similar environment
they give a restoring force towards the chosensemi-in nite systemwhateer the size of
the explicit ervironmert chosen.

For the deviceand device-enironmert terms, we usethe leapfrogmethod to ewlve the
equationsforward in time; this is alsousedby the DINAMO code.

2.4 Implemen tation of DINAMO

The computational implemertation of the SAME hasbeennamedDINAMO, which stands
for Dynamicsin Non-Adiabatic Molecular Orbitals. This is a code written from scratth
in Fortran 90, which at presemn roughly consistsof 10k lines of code, and is an implemen-
tation of the SAME equationsfor orthogonal tight binding Hamiltonians. The following
methodologieshave beenimplemerted:

Geometry optimization, using an e cien t quasi-Newtonalgorithm [20, 21].

Born-Oppenheimermolecular dynamics.

Ehrenfestdynamics.

First momernt SAME.

e Secondmomert SAME.

Selfconsistencyis implemerted at the BO and Ehrenfestlevelsvia point chargeinter-site
Coulonb interactions and an onsite Hubbard \U" like term[22].

All input is handled using the FDF padage written by Alberto Garcia and Jose Soler
(usedin the SIESTA code) which makesinput les easyto read and edit and provides
great exibilit y. All parametersare read from a singleinput le (which may be separated
in di erent les using FDF's \include" capabilities). Most input parameterswill acquire
sensibledefault valueswhen not explicitly de ned.

In atight binding basisset, all SAME equationsof motion are equationsbetweenmatrices.
Operationslike commnutators and matrix products arerequiredto calculatethe derivatives
of the di erent operatorsin their equationsof motion and they represen the bottlened of
the calculation. Theseoperations must be optimized to achieve maximum performance.
At the core of the code is a purposebuilt linear algebra module which implemerts all
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matrix operations, including additions and multiplications by scalars. Although someof
theseoperationscould be dealt with by using Fortran 90 array features,we have chosento
encapsulatethem in the linear algebramodule. In this way, parallelization, vectorization
or changesin the storage structures can be restricted to the internal workings of the
module and no modi cation of the rest of the code is needed.A new Fortran type matrix
is de ned, the structure of which is hidden from the user. Using the abstract matrix
operations, the implemertation of the SAME equationsis a matter of translating the
algebrainto theseoperations. This made the task of implemerting and debuggingthe
SAME equationsrelatively straightforward sincenewer in the code is an actual elemen
of any of the operators explicitly modi ed or referenced.

The Hamiltonian matrix and its derivativesareinherertly sparse,and taking this sparsity
into accourt is crucial to make the SAME equationscomputationally manageable.The
matrix structure cancortain both sparseand densematrices. Subroutinesthat implement
the abstract matrix operations can chooseinternally the most appropriate algorithm ac-
cordingto the nature of the operands. For sparsematrix operationswe have implemened
our own algorithms that operate only on non-zeroelemers basedon a simple coordinate
storageformat. This is not the most e cient approad, both in terms of the required
storageand cade e ciency, but hasthe advantage of being simple. More sophisticated
methods should be easyto implemert. For all densematrix operations, BLAS routines
are used. Routines within the linear algebramodule and other time consumingroutines
sud asthe construction of the Hamiltonian matrix have beenparallelizedusing OpenMP
directives.

The implemertation of new tight binding models is a straightforward task, and only
requiresto add calls to particular subroutinesto calculate the model-dependert radial
hopping matrix elemens, their derivativesand pair repulsion functions. Theseroutines
are easily pluggedinto a single interface module, and there is no needto modify any of
the higher level routines. Generalroutines for the calculation of the Slater-Kosterfactors
and their derivativeshave beenimplemerted.

Equations of motion for the operators, sud as ”, or the various ” , are integrated using
the following \leapfrog" like method:

_ dg
ot+ D=ot- D+2 t

t

which is time reversible and unitary and therefore unconditionally stable. This simple
integration sdhemeis extremely powerful. As an example,we have successfullyperformed
Ehrenfestcalculations(including self-consistencywhich makesthe Liouville equationnon-
linear) for systemsof thousandsof atoms for many tens of femosecondsusinga time step
of 0.01 fentoseconds. Particle numbers are consered within numerical precision, and
energyis consened to a part in 10°.

For an Ehrenfest calculation, the bottlened is the calculation of the comnutator [H; /]
which for a sparseHamiltonian scalesasM 2, whereM is the number of basisfunctions.
This makesEhrenfestdynamicsvery competitive with Born-Oppenheimerdynamics. For
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large numbers of atoms, the better scaling compensatesthe fact that a hundred times
smallertime stepis needed,n a similar way to the Car-Parrinello method. Both the rst-

momen and second-momeindynamicshave similar computational costs. The bottlened
in these casesis the calculation of products of the form §A6g, where g is ~ or ;. and
A is a sparseoperator. These terms appear in the equations of motion for the one-
particle density matrices after the Hartree-Fock approximation is applied. In the presen
implemenation, theseare treated as dense-dens@roducts, but in principle their scaling
can be reducedto M 2. There are about N2 of theseproducts whereN is the number of
\quantum" ions.

3 Results

3.1 Joule heating

We preset results for Joule heating of a single atom within a linear chain, usinga rst

momert extensionof the open boundary formalism descrited above. The tight binding
model usedwas extremely simple: a chain of 1s atoms, with a hopping integral of -1eV
between nearestneighbours only, and an atomic spacingof 1.0 A. A repulsive potential

was tted to give the correctequilibrium spacing,with a value of 0.648eV. The variation

with distancewasa simple power law, with an exponert of 2 for the hopping integral and
4 for the repulsive potertial. The deviceconsistsof nine atoms, the certral atom of which
is allowed to move (and whosequartum ewlution is followed). The leadsare 16 atoms
long, and the integral for the ervironment covers only the most recert 7.5fs. The initial

electronicdensity matrix (which is alsothe referencedensity matrix for the ervironmert)

is found by diagonalisinga wire 1001atomslong, and usingthe certral 41x41 site portion

of the resulting density matrix. A timestep of 0.008fs was usedthroughout (after teststo

establishthe largest practical value). We have consideredtwo slightly di erent systems:
the rst, with ordinary coupling betweenthe certral atom and the surrounding atoms;
the second,with a wealker coupling (hopping integral of -0.5eV) for this atom only.

Beforeconsideringheating, we examinethe current that resultsfrom application of a bias
to this system. In Fig. 1(a) we seethat a steadycurren is easilyachieved after application
of abias(in all casesthe biasis appliedto the left-hand lead and the left-hand side of the
deviceby shifting the on-siteterms in the Hamiltonian). There are two further important
e ects shavn in Fig. 1(b): the e ect of changingthe coupling of the certral atom to its
neighbours and the e ect of introducing classicalkinetic energyto the certral ion. The
e ect of wealeningthe couplingis, asexpected,to reducethe current (though other e ects
will be exploredbelon). The classicalkinetic energycauseghe ion to oscillate about its
mean position: for the ordinary coupling at the ionic equilibrium position, currert is a
maximum as hopping into and out of the ion is equal, while at eat extremum, currert is
a minimum as one of the two bondsto the nearestneighbours is signi cantly wealened.
For the weak coupling, we seetwo further e ects: rst, the magnitude of the oscillations
of the ionic position is smaller, resulting in smalleroscillationsin the current; secondthe
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Figure 1: Current into certral atom of chain whena biasof -0.6V is appliedat t =2 0 fs (linearly
increasedover 5 fs). (a) Ordinary coupling, no classicalKE given to atom. (b) Ordinary and
weak coupling with small classicalKE given to the atom at 35fs.
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oscillationsin the currernt shov a doubling of the period and two separateheight maxima
relative to the ordinary coupling oscillations. This behaviour relatesto the charging of
the certral ion at di erent extrema: whenit is at the left-hand extremum (near the biased
electrade) it loseschargeto that electrade, sothat whenit readesthe mid-point, it has
lesschargethan at equilibrium (i.e. zerobias) and the currert is (relatively) large. When
it is at the right-hand extremum it gains charge from the right-hand electrade, so that
whenit returns to the mid-point it has more chargethan at equilibrium and the current
is (relatively) small.

We now turn to heating, within the rst momert approximation (i.e. retaining only *;.
and”,. ). The averagekinetic energynow includestwo terms, onearising from the average
momertum of the ion, and the other from the gantum spread of momerium (we label
theseas\classical" and \quantum" cortributions). Theseare plotted againsttime for the
weak and ordinary coupling casesin Fig. 2, with classicalKE in the top graph in eah
caseand quantum KE in the bottom graph. We seea number of important features: rst,
the classicalkinetic energydecreasesas expected (electronsare being excited by the ions
and removed from the open boundaries,leadingto cooling); second,the quartum kinetic
energy increaseswith bias and with time; third, the frequency of the classicalkinetic
energy oscillation increaseswith bias, due to a population of anti-b onding states as well
as bonding states. The weakly coupled systemexhibits higher frequencyoscillations due
to the wealer coupling; it also exhibits lessheating in the central ion due to the lower
current and wealer electroniccorrelations(in the limit of zero coupling, the heating goes
to zeroas expected).

3.2 Inelastic curren t-v oltage spectroscopy

We will now shav a direct calculation of inelastic current-voltage spectroscoy from

second-momenCEID. The calculation is basedon direct numerical integration of the full

second-momenSAME equationsof motion, with no approximation. Thus, this numerical
calculationis inherertly di erent, and superior, to the earlier analysis,basedon the stan-
dard electron-phononharmonic Hamiltonian expandedon a referenceBorn-Oppenheimer
surface. We have a 131-atommetallic chain descrited by a tight binding-model with all

parametersasin referencg11] exceptthe ionic masswhich is now 1 a.m.u. A singleatom
in the middle of the chain is allowed to move. A biasis applied, and a current ows, asin

referenceg11]. The curren, for a given bias, is averagedover about onethermal vibration

period. The current, di erential conductanceand its derivative with voltage are plotted

againstbiasin gure 3.

The characteristic inelastic spectral feature (in the bottom panel) is clearly visible. The
shoulder (bottom plot) beyond the voltage where the spectral feature occursis the sig-
nature of the quantum heating of the ion that becomesactivated at that critical voltage.
This critical voltage, on the plot, is in excellen agreemen with the value of 2! = 0:26
eV (where! is the Born-Oppenheimerfrequency of the ion), which may be expected
on the basisof electron-phononperturbation theory [14], and on the basisof the earlier
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Figure 2: Classical (upper panels) and quantum (lower panels) KE for four biases: 0V, -0.2V,
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given to the atom at 35fs. Top graphs: Weak coupling. Bottom graphs: Ordinary coupling.
Note the di erent energy scalesfor the quantum KE plots.

87



1 1 1 I I
- — Ehrenfest
< 60 [ — Second Moment ]
2401 —
20 —
ol—_1 . 1 . | | ]
0 0.2 0.4 0.6 0.8 1
80 1 I 1 I 1 I I
[} 751 -
(D'O - -
70 —
E | N | N | | =
0 0.2 04 0.6 0.8 1
- o - I LIS N | I -
>
@) i -
=
> 10 \/ _
B
Sg - | | | | |
-20 1 1 1
0.2 0.4 0.6 0.8 1
AV /V

Figure 3: Current, dierential conductanceand its derivative with voltage, versusbias, for a
single dynamical atom in a metallic chain.

88



analytical derivations. The physical origin of this feature is that for current carrying
electronsto be able to excite vibrations, the excesselectronic energy set by the bias,
has to exceeda phonon quantum. There is no other way to satisfy the selectionrules
for inelastic scattering, derived earlier. Hence,we expect inelastic scattering, the onset
of dissipation and ionic heating, and a drop in conductance(due to the newly opened
scattering medanism) to occur at a biasthat matchesthis phononenergy And indeedit
does. But, onceagain,the presen simulations start from scratch and know nothing about
any Born-Oppenheimersurfaces.Nor are the simulations constrainedby the assumption
of harmonicity, not are they perturbative. They furthermore allow phononsand electrons
to be perturbed by eat other in a consistem manner, both ways. In principle (though
this is not donehere)the method allows alsothe inclusion of electron-electroninteractions
and dynamical screening,at leastin a Hartree-Fock, or in an adiabatic-LDA, spirit.

4 Conclusion and future directions

The range of problemsto which this modelling technique can be applied is already large
(ranging from low-energyl-V spectrato high-energyradiation damage)and we expect new
and exciting insights to emergeasa result of this. Howewer, the dewelopmen of the formal-

ism is not yet complete. The one qualitativ e feature left to work out is electron-electron
correlation. We will begin at the mean- eld level (Hartree-Fock or density functional

theory). This is essehal for describing (for example) the discharge of a capacitor. At

the level of the Ehrenfestappraximation this is straightforward and has already beenim-

plemeried. Of course,if we could considerexplicit two-electroncorrelation we should be
ableto model the onsetof superconductivity in very small devices.This project, though,

is for the more distant future.

A major areafor which this approad is particularly well-suited is the transport of charge
in biological systems.Biological systemshave three important featuresthat make cornven-
tional perturbative approatesdi cult, but make a moleculardynamicsbasedapproadh
attractiv e:

1. They have very low symmetry in general,so many degreesof freedomneedto be
treated explicitly.

2. They are made from soft matter, so it is hard to de ne lattice sites about which
oscillations occur. Indeed, di usion can take place.

3. Calculations at zero temperature to de ne a referencestate for the perturbation
calculations could be qualitativ ely wrong, as biological systemsmake use of water,
and water at low temperaturessolidi es and behavesquite di erently from the liquid
at higher temperatures.

The presenceof an ernvironmert that can contain chargesclearly makesit important to
introduce electrostaticsinto our equationsof motion.
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