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Abstract

Many-body perturbation theory (MBPT) o�ers a convenient framework for the calcula-

tion of electronic excitations. In principle, all kinds of electronic excitations (i.e., neutral or
involving a changein particle number) are accessible,and the physicsthat hasto be included

is relatively well understood. Also time-dependent density-functional theory (TDDFT) al-
lowsonein principle to describe excitations, at a a priori lower computational cost. However,

in that caseit is more di�cult to design good approximations for the exchange-correlation

contribution, sinceonedoesnot work in the physically intuitiv e quasi-particle picture. More-
over, only neutral excitations are accessible. In order to combine the advantages of both

approaches, we proposean alternativ e formulation of many-body perturbation theory that
usesthe density-functional concept. Variations of many-body quantities upon excitation are

expressedthrough variations with respect to the density. In this way, instead of the usual
four-point integral equation for the polarizabilit y (namely, the Bethe-Salpeter equation), we

obtain a two-point one (i.e., like in TDDFT), that leadsto excellent optical absorption and
energy lossspectra. The corresponding three-point vertex function and self-energyare then

simply calculated via an integration, for any level of approximation. Moreover, we show the
direct impact of this formulation on the time-dependent density-functional theory. With the

help of numerical results, we discussthe consequencesof exchange-correlationcontributions

to the responsefor optical spectra and for the band gap of bulk silicon and solid argon.
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1 In tro duction

The electronicstructure of materials and its responseto an external perturbation arekey quanti-

ties for the interpretation of many experimental results or for the designof technological devices.

Electronic excitations enter a wealth of scienti�c questionsor daily-life problems, ranging e.g.

from the deformation of moleculesupon absorption of radiation in cancer research, to defect

creation in nuclear waste, to photosynthesis or to the design of more e�cien t solar cells. It

is therefore highly desirable to be able to describe, understand, and even predict electronic

excitations and their consequences.

In this context, ab initio electronic structure calculations have becomea tool of choice. In the

communit y of solid-state physicists the widely usedKohn-Sham (KS) framework of the density-

functional theory (DFT) [1] is a convenient starting point. Although DFT is in principle a

ground state theory and KS eigenvalues are not meant to represent measurableelectron addi-

tion and removal energies,the KS band structure already yields much useful information, and

occupied bands are often in quite reasonableagreement with, e.g., photoemission results. In

order to describe the responseto an external perturbation, such as it is measuredfor example

in optical absorption experiments, one can then construct a response function using an inde-

pendent particle Fermi's golden rule, eventually including the self-consistent variations of the

Hartree potential (which is equivalent to the Random Phase Approximation (RPA) including

crystal local-�eld e�ects).

Beyond this, oneshould try to improve the description of exchange-correlatione�ects, both in the

band structure and in the self-consistent variation of the corresponding potential. State-of-the-

art calculations for solidsare basedon the many-body perturbation theory (MBPT). Concerning

the band structure, in that case,quasi-particle (QP) energiesare obtained from the solution of

an equation similar to the Kohn-Sham one,but with the KS exchange-correlation(xc) potential

vxc replacedby the electron self-energy�. The last quantit y is most often calculated in Hedin's

GW approximation [2], where � is equal to the product of the one-particle Green's function G

and the screenedCoulomb interaction W calculated in the RPA. The resulting band structures,

and in particular the band gap, are generally much closer to the measuredones than the KS

results [3]. In order to include the self-consistent variation of � (which is the corresponding

xc \p otential") upon excitation, and henceto get improved responsefunctions, one can then

add the so-called\v ertex corrections" beyond the RPA. This is done in practice by solving the

four-point Bethe-Salpeter equation (BSE) for the polarizabilit y P; the kernel of this integral

equation expressesthe electron-hole interaction (whereaselectron and hole are non-interacting

when the RPA is adopted and local-�eld e�ects are neglected). The BSE leads in general to

excellent absorption and electron energy-lossspectra [4]. In particular, one correctly describes

the important excitonic e�ects.

Unfortunately, calculations of vertex correctionsare cumbersomeessentially becauseof the four-

point (electron-hole scattering) nature of the BSE (seee.g. [4]). Calculations of the response

functions in this framework have therefore beenlimited to relatively simple systems.Moreover,

attempts to go beyond the GW approximation through vertex corrections (seee.g. [6, 7, 8, 9])

are rare and restricted to relatively simple systems, even though it is well known that the

precision of the standard GW approximation is limited, and that the approximation often fails
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for moderately to strongly correlated materials (seee.g. [10]). Again, this lack of examplesis

essentially due to the above-mentioned computational di�culties.

However, at least concerningresponsefunctions, it is known that in principle one could obtain

the polarizabilit y directly from a two-point equation: this is the casewhen one works in the

framework of time-dependent DFT (TDDFT) [11], sinceonepropagatesthe density (a function

that is local in time and space)instead of the one-particle Green's function (which is non-local

both in time and in space).TDDFT could thereforeclearly be a prominent computational alter-

native to the BSE for the calculation of P. The drawback residesin the fact that up to recently,

and contrary to the MBPT framework, reliable approximations for the xc potential vxc(r ; t)

and its �rst density-variation, the xc kernel f xc(r ; r 0; t; t0), weremissing in particular concerning

absorption spectra of solids. Several attempts were therefore made to derive the unknown, but

two-point, xc kernel of the TDDFT linear responseequation for P from the known, but four-

point, BSE, in order to combine the precision of the latter with the computational advantages

of TDDFT [12, 13, 14]. Various di�eren t approacheshave lead to quite similar expressionsthat,

tested for real materials, have turned out to be extremely successfulin reproducing the under-

lying BSE via a TDDFT-lik e equation. While recalling below someof these recent results, we

will however focuson somemore generalquestionsthat, we believe, are answeredby the present

work. Theseare (i) a physical explanation for the unexpected successof theseapproaches, (ii)

a prescription of how one can use this MBPT-TDDFT combination in order to get response

functions beyond the approximations that are currently made for the BSE, and (iii) the useof

the TDDFT concept within MBPT (instead of the use of MBPT quantities within TDDFT).

In fact, sinceTDDFT is not designedto accessone-QP properties, like the band structure, this

enlargessigni�cantly the range of problems that can be addressedby such a combination.

The ultimate goal of this line of research can be summarizedasthe hope to combine the density-

functional and the QP conceptsin such a way that systematic and e�cien t improvements to the

spectroscopicquantities of interest could be obtained. We believe that this work shows how this

goal can be reached [15].

2 Man y-b ody perturbation theory and time-dep endent densit y-

functional theory: two approac hes, in part to the same prob-

lem

2.1 Hedin's equations

In the �eld of electronic excitations, it is convenient to work with Green's functions. The time-

ordered one-particle Green's function is de�ned

G(1; 2) = � ih� 0jT
h
 ̂ (1) ̂ y(2)

i
j� 0i ; (1)

where j� 0i is the many-body N-particle ground state,  ̂ (1) ( ̂ y(1)) is the annihilation (creation)

operator of an electron, T is the time-ordering operator and 1 stands for the set of the real

spaceand time coordinates plus the spin degreeof freedom,1 = r 1; t1; � 1. The Green's function

G has poles that correspond to electron addition and removal energies. Since the many-body
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ground state j� 0i is another unknown of the problem, the calculation of this quantit y is not

straightforward. One has to search either for a diagrammatic expansionor for a set of equations

governing G that eventually may be somehow approximated. Here we adopt the secondline,

developped in its present form by Lars Hedin [2]. For the sake of comprehensionof all our

subsequent developments, we estimate useful to summarize it in the following.

The main idea is that one starts by writing the equation of motion for the one-particle Green's

function G via its time derivative. It is not astonishingto �nd that this givesrise to an expression

involving a two-particle Green's function G(2) : the particle propagating in the systempolarizes

the system. This polarization corresponds to the creation of electron-hole pairs, hence two

particles. The problem of calculating the one-particle Green's functions is then translated into

the problem of calculating the two-particle Green's function which, in its turn, would imply an

higher order Green's function, and soon. In order to obtain a closeddescription, one intro duces

a potential-lik e operator that is however nonlocal in time and space,namely the self-energy�.

By de�nition, G and � are linked through the Dyson equation

G� 1(1; 2) = G� 1
0 (1; 2) � V (1)� (1; 2) � �(1 ; 2) (2)

where G0 is the free-particle Green's function, and V(1) = U(1) + VH (1), the total classical

potential, (U is an external potential and VH is the Hartree potential). Now, one wishes to

introduce the above-mentioned two-particle Green's function G(2) via some known quantit y.

Since G(2) is responsible for the response to a perturbation, one can in fact also create it by

applying an external potential. To this purposein Hedin's approach a small time-dependent

contribution is added to the external potential. The resulting U is constructed such that it goes

to the static physical potential Vext (r ) at times �1 ; its �ctious time-dependent part will be

made vanishing at the end of the derivation. One can then expressthe self-energyin terms of

variations of the Green's function with respect to the external potential, � = � ivG� G � 1=�U

[2], or

�(1 ; 2) = iG(1; 4)�(4 ; 2;5)
� V (5)
� U(3)

v(3; 1+ ); (3)

with the irreducible vertex function

�(1 ; 2;3)= �
� G� 1(1; 2)

� V (3)
= � (1; 3)� (2; 3)+

� �(1 ; 2)
� V (3)

(4)

and v the bare Coulomb interaction (integration over indices not present on the left is implicit

throughout the equations).

The derivative � � =�V is then usually replaced by the chain rule (� � =�G)( � G=�V ). Using the

relation (� G=�V ) = � G(� G� 1=�V )G, Eq. (4) is transformed into and integral equation

�(1 ; 2;3) = � (1; 2)� (1; 3) +
Z

d4567
� �(1 ; 2)
� G(4; 5)

G(4; 6)G(7; 5)�(6 ; 7; 3): (5)

In the sameway one obtains the remaining Hedin's equations

�(1 ; 2) = i
Z

d34G(1; 3)�(3 ; 2;4)W (4; 1) (6)

W (1; 2) = v(1; 2) +
Z

d34v(1; 3)P(3; 4)W (4; 2) (7)
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P(1; 2) = � i
Z

d34G(1; 3)G(4; 1)�(3 ; 4; 2) (8)

in terms of the time-ordered polarization operator P(1; 2), and the dynamical screenedinterac-

tion W (1; 2) = � V (1)=�U(3)v(3; 2).

Disregarding � on the right-hand side of Eq. (4) would yield the GW approximation,

�(1 ; 2;3) = � (1; 2)� (1; 3) =) �(1 ; 2) = iG(1; 2)W (2; 1) (9)

Equation (5), or an equivalent form, with its four-point kernel dominated by � �(1 ; 2)=�G(3; 4),

has to be solved in order to get the irreducible polarizabilit y P = � iGG� 3 and an improved

self-energy from Eq. (6). Equation (5) is the main obstacle on the way to a calculation of

polarizabilities or self-energiesbeyond the RPA.

2.2 Response functions in Time-dep endent densit y-functional theory

As pointed out above, in principle also TDDFT allows one to calculate the excitation energies

and transition probabilities of a many-body system, for constant particle number. In the time-

dependent approach, one studies how the system behaves when subject to a time-dependent

external perturbation that gives rise to density variations. In this case,the system's response

is directly related to the N -particle excited states of an N -particle system, in a similar manner

that the one-particle Green's function is related to the (N + 1)- and (N � 1)-particle excited

states of the samesystem.

In TDDFT, the linear density responseof an interacting many-electron system [16]

� (r ; t; r 0; t0) =
� � (r ; t)

� U(r 0; t0)
(10)

is obtained from the non-interacting Kohn-Sham responseto a change in the total Kohn-Sham

potential vK S

� 0(r ; t; r 0; t0) =
� � (r ; t)

� vK S(r 0; t0)
: (11)

via

� (r ; r 0; ! ) = � 0(r ; r 0; ! ) +
Z

dr 1dr 2 � 0(r ; r 1; ! )K (r 1; r 2; ! )� (r 2; r 0; ! ) ; (12)

where the kernel K has beenintroduced as

K (r 1; r 2; ! ) =
1

jr 1 � r 2j
+ f xc(r 1; r 2; ! ) : (13)

with the exchange-correlationcontribution

f xc(r ; t; r 0; t0) =
� vxc [� ](r ; t)

� � (r 0; t0)
: (14)

3The irreducible polarizabilit y P de�ned in this work is a time-ordered quantit y. From the time-ordered P

one can then obtain a physical (causal) response function with the usual conversion rules. It should be noted

that in the following we do not make a distinction between time-ordered and causal quantities. However, one has

to be careful becausethis apparent \subtlet y" could causesevere errors in practice when not properly accounted

for. One possibleway is represented by the Keldysh formalism. In this scheme all the quantities are consistently

de�ned on the Keldysh contour and pseudo-time-ordered. At the end, projecting from the pseudo-time to the

physical time, causal physical responsefunctions are restored.
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The exact time{dependent exchange-correlationkernel is of courseunknown, and practical cal-

culations must rely on someapproximation. The most commonly used,due to its simplicit y but

also its successmostly in �nite systems,is the adiabatic local-density approximation also called

time-dependent LDA (TDLD A), where f xc(r 1; r 2; ! ) is approximated with the (! -independent)

functional derivative of the LDA exchange-correlationpotential:

f TDLD A
xc (r 1; r 2; ! ) = � (r 1 � r 2)

dvLD A
xc (� (r 1))
d� (r 1)

: (15)

Apart from this approximation for f xc , another approximation has to be done in practical

calculations: the static Kohn{Sham orbitals and eigenvalues used to construct � 0 are in fact

calculated with an approximate exchange-correlation potential vxc , typically the same as the

one usedin ground state calculations.

If all quantities were evaluated exactly, the retarded version of the time-ordered P calculated

via Eq. (8) should yield the retarded responsefunction � (Eq. (12) via � = P + Pv� . However,

whereas it has turned out that the commonly used GW approximation for � together with

its variation (� � =�G) are successfulin describing response functions (via the today standard

Bethe-Salpeter equation), TDLD A often doesnot properly account for excitations. In particular

absorption spectra in solids are badly described, even though LDA usually yields satisfactory

ground state properties. Moreover, important quantities such as the measurablebandstructure

are not accessiblethrough TDDFT (at least not considering closed systems). For all these

reasons,the idea consisting in keepingthe substantial accuracyof MBPT while at the sametime

introducing the density degreeof freedom concept, could lead to a more convenient framework

where the computational advantagesof density-functional play a fundamental role. Further on

this route, indications on how to improve upon the well establishedmany-body approximations,

could constitute an important subproduct of this derivation.

3 MBPT and TDDFT: a successful combination

3.1 MBPT quantities in TDDFT: a summary of some previous works

During the last years, the scienti�c communit y has made a major e�ort trying to �nd reliable

approximations for the exchange-correlationkernel of TDDFT. One important line of research

hasbeenthe attempt to useMBPT asa starting point. This is in a sense,the opposite direction

of the present work (where we aim at using TDDFT to improve within MBPT), but the two are

of coursetightly linked. We will therefore very brie
y summarize someof the MBPT-TDDFT

work that is of direct importance for the present approach.

Already in the eighties Streitenbergerhassuggested[5] to exploit the very fact that both TDDFT

and MBPT should yield, at least in principle, the same(exact) polarizabilit y, in order to de�ne

an e�ectiv e xc-kernel for the homogeneouselectron gas. Later on, the inclusion of approximate

vertex functions in the self energy has been addressedby Mahan and Sernelius [6] for the

homogeneouselectron gasand, in the mid nineties, by Del Sole,Reining and Godby for silicon

[7].

More recent work has focusedon the extraction of an e�ectiv e TDDFT xc-kernel by comparison
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with the macroscopicdielectric function resulting from BSE calculations [17]. This yields some

information on the analytic structure of the xc correlation kernel in extended systems, for in-

stanceabout its long range behavior in real space,but doesnot avoid the cumbersomesolution

of the BSE. Very recently, approaches have been developed by a few groups to this aim. In

one case,a perturbativ e expansionin W of the xc kernel obtained from the equality of the two

macroscopicdielectric functions, namely the one calculated with the Bethe-Salpeter equation

and the onecalculated with the TDDFT screeningequation, hasyielded a result that already in

�rst order turned out to yield excellent optical spectra in solids [13]. Another approach is based

on the formal replacement of TDDFT kernel matrix elements taken in a basis of Kohn-Sham

transitions with Bethe-Salpeter matrix elements, and arrivesto the sameformula and of course

to numerical results of similar quality [12]. Finally, by recognizingthat the samephysicsshould

be represented by the MBPT and the TDDFT equations,Stubner, Tokatly and Pankratov have

developed a diagrammatic approach to the derivation of improved exchange-correlationkernels

[14]. Again the sameresult for the e�ectiv e xc kernel is obtained.

A �nal point to notice is that the xc correlation kernelderived above hasa long range(1/r) tail in

real space,and hencea small-q behavior of type �=q 2, clearly visible from the equations. Hence

it is possibleto avoid the cumbersomecalculation of � , that is of the kernel itself, looking instead

for the � valueswhich yield the best optical spectra. Even this very simple approach works well,

and leads to good optical spectra using � values ranging from -0.2 for semiconductorsto -1

for insulators. It is found that these valuesare roughly inversely proportional to the dielectric

constant [18].

In conclusion, at present, at least three seeminglycompletely di�eren t approaches have hence

led independently to the sameexpressionfor the e�ectiv e xc correlation kernel, Eq. (27), which

yields optical and energylossspectra very closeto thosederived within the BSE approach. The

present work shedslight on the deepreasonsfor their coincidenceand success.

3.2 Densit y variations in MBPT: the idea and the equations

In the way TDDFT and MBPT are henceusually presented, self-consistent linear responsein

TDDFT is determined by variations of the potential with respect to the density, whereasin

MBPT variations with respect to the one-particle Green's function are the key ingredient. How-

ever, in both casesit is a local external potential that actually createsthesevariations. Therefore,

we have suggestedthat also in the caseof MBPT one might rely on the fact that density vari-

ations determine the physics when the system is polarized. In practice, this means that one

can use the Runge-Grosstheorem of TDDFT [11] in order to rewrite � � =�V in Eq. (4). The

one-to-onerelation between time-dependent densities and external potentials, or consequently

betweenthe densitiesand the classicalpotentials V , allows one then to usean alternative chain

rule to express� � =�V , namely (� � =� � )( � �=� V ).

Equation (4) hencebecomes

�(1 ; 2;3) = � (1; 3)� (2; 3) +
� �(1 ; 2)

� � (4)
P(4; 3); (16)

whereP = � �=� V is the irreducible polarizabilit y that, asexplained above, is usually calculated

by solving the vertex equation. However, by integrating Eq. (16) with two Green's functions G,
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one directly obtains

P(1; 2) = P0(1; 2) + P0(1; 3)f e�
xc (3; 4)P(4; 2); (17)

with P0(1; 2) = � iG(1; 2)G(2; 1) and the two-point kernel

f e�
xc (3; 4) = � iP � 1

0 (3; 6)G(6; 5)G(50; 6)
� �(5 ; 50)

� � (4)
: (18)

In other words, one can now �rst determine the two-point irr educible polarizability P from the

integral Eq. (17), and subsequently the three-point vertex � via the integration of Eq. (16). From

P, the reducible polarizabilit y P red is obtained via P red = P + PvP red.

Finally, the self-energybecomes

�(1 ; 2) = iG(1; 2)W TC-TC (2; 1) + iG(1; 4)
� �(4 ; 2)

� � (5)
P red(5; 3)v(3; 1+ ): (19)

The �rst term hasthe GW form, but with the testcharge-testcharge (TC-TC) screenedCoulomb

interaction W TC-TC = (1+ vP red)v, instead of the RPA one. In this expression,the term vP redv

createsthe inducedHartree potential felt by a classicalcharge. The additional term (� � =� � )P red

in Eq. (19) is responsible for the missing induced xc potentials that act on an electron or hole.

It is therefore useful to reformulate Eq. (16) as

�(1 ; 2;3)= � (1; 3)� (2; 3)+ � (1; 2)f e�
xc (1; 4)P(4; 3)+ ��(1 ; 2;3) (20)

where

��(1 ; 2;3) =
�

� �(1 ; 2)
� � (4)

� � (1; 2)f e�
xc (1; 4)

�
P(4; 3): (21)

The \non-lo cality correction" �� hasno e�ect on P, asonecan seeby integrating Eq. (21) with

two Green's functions and using Eq. (18). In the self-energyof Eq. (19), the inclusion of the

two �rst terms of Eq. (20) (called � (2) ) leads to � = iG ~W with a modi�ed screenedCoulomb

interaction ~W = (1 + (v + f e�
xc )P red)v. This is a testcharge-testelectron (TC-TE) screened

Coulomb interaction instead of W TC-TC ; this expressesthe fact that an additional electron or

hole in the systemcannot bedescribed asa classicalcharge. �� yields then in � a non-vanishing

correction term. One can understand this by the fact that, contrary to the polarizabilit y P that

contains the responseof the (quantum) systemto an external (classical) perturbation, � has to

contain the information that the screeningin � has to act on an electron or hole. Hence, the

screenedobject \feels" an exchange-correlation induced potential. Since we are talking about

quasi-particles, this potential is necessarilynon-local.

Equation (17) is a two-point equation for the polarizabilit y, like in TDDFT; it is however in-

volving the \p olarizabilit y" P0 of independent quasi-particles. It is hencenot a TDDFT, but

a sort of hybrid equation. The advantage over TDDFT is that the set of equations still leaves

accessiblethe observablesof the original equations like QP energies,whereasthis would not be

the casein pure TDDFT.

3.3 The link to TDDFT

The link with TDDFT can be made by the fact that the diagonal of G yields the exact time-

dependent density � iG(1; 1+ ) = � (1) [19]. � G=� � = � G(� G� 1=� � )G leadsto

iG(1; 3)G(4; 1+ )
� G� 1(3; 4)

� � (2)
= � (1; 2): (22)
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Since the sameexact density, and hence the sameHartree potential, should also be obtained

from the Kohn-Sham potential vK S = V + vxc we can write

G� 1(1; 2) = G� 1
0 (1; 2) � � (1; 2) [vK S(1)� vxc (1)] � �(1 ; 2): (23)

As � G� 1
0 =� � = 0, Eq. (22) becomes

P0(1; 3)� � 1
0 (3; 2) � iG(1; 3)G(4; 1+ )

� �(3 ; 4)
� � (2)

� P0(1; 3)f xc (3; 2) = � (1; 2); (24)

where � 0(12) = � � (1)=� vK S(2) is the KS independent particle polarizabilit y and f xc(1; 2) =

� vxc(1)=� � (2) is the xc kernel of TDDFT. This kernel turns out to consist of two terms, namely

f (1)
xc and f (2)

xc , with f (2)
xc exactly equal to the f e�

xc arising from our previous approach and

f (1)
xc (1; 2) = � � 1

0 (1; 2) � P � 1
0 (1; 2): (25)

f (1)
xc has the e�ect to change the KS responsefunction into the independent QP one, in partic-

ular, to solve the so-calledband gap problem. f (2)
xc accounts for the electron-hole interaction.

This splitting [14] is physically intuitiv e. Altogether, TDDFT yields then for the irreducible

polarizabilit y P,

P = � 0 + � 0(� � 1
0 � P � 1

0 + f e�
xc )P: (26)

This is equivalent to Eq. (17).

3.4 Appro ximations in practice

Of course,in spite of this apparent simpli�cation, one stills facesan unsolvable problem, unless

approximations are made. The big advantage of writing the formula in the present form is

in fact that they suggest rather straightforward approximations. In particular, in order to

get an explicit expressionfor f e�
xc , we choosea starting approximation for the self-energy, and

consistent approximations for the functional derivative of � and for G, on the right side of

Eqs.(18) and(19). A simple choice could be to take �, G and P0 as derived from a local and

adiabatic xc potential, e.g. the LDA one. This leads of courseto the TDLD A and the GW�

approach of Ref. [7]. A better choiceis to start from the GW approximation for �, taking W asa

screened(e.g. static RPA) Coulomb interaction. For the functional derivative, onecan now fully

usethe experiencemadeusing the BSE; in particular, this suggeststo neglectalso in the present

framework the derivative of W with respect to � . One still has to �nd a good approximation for

the term � G=� � . If onewould choosea starting � obtained from a self-consistent GW calculation,

one would have to evaluate � G=� � = � G(� G� 1=� � )G = G(P � 1 + (� � =� � ))G: one would again

end up with an integral equation now for � � =� � , similar to the one depicted in Fig. 2(b) of

Ref.[14]. However, again basedon previous experiencein MBPT calculations, one can suppose

the Green's function on � = iGW to be obtained from a suitable local potential, preferably

with eigenvaluescloseto the GW ones. This leadsapproximately to � G=� � = GP � 1
0 G.

We obtain hencefrom Eq. (18)

f e�
xc (3; 4) = P � 1

0 (3; 6)G(6; 5)G(50; 6)W (5; 50)G(5; 7)G(7; 50)P � 1
0 (7; 4): (27)
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The present derivation is not the �rst attempt that leads to Eq. (27) [12, 13, 14]. Below, we

will show results that we have obtained previously using this formula. However, we believe that

the approach outlined here shedslight on the question why the former derivations had led to

such (unexpectedly) good results: the physicsof the variation of the self-energy upon excitation,

which gives rise to the electron-hole interaction, can be captured in terms of density variations

only. This is very important, since it encouragesthe use of the present scheme also for cases

whereonewishesto go beyond the above approximations. In particular, it is now clear how any

improvement madeon the approximations with respect to standard Bethe-Salpeter calculations

can be straightforwardly extrapolated to the kernel Eq. (18).

4 Numerical results

Results using the approximation of Eq. (27) or similar approximations have beenpublished by

ourselvesand by other authors concerningabsorption and lossspectra [12, 13], and QP lifetimes

[9]. Here we give someof our illustrations.

4.1 Optical spectra

It is instructiv e to apply Eq. (27) to the calculation of optical spectra of realistic materials, to

understand the role of the two parts f (1)
xc and f (2)

xc of the TDDFT kernel. Figure 1 provides

calculations of optical absorption spectrum of bulk silicon using the three highest valencebands

and the three lowest conduction bands, a regular grid of 512 slightly shifted k-points in the full

Brillouin zone,and an imaginary part in the energydenominators � = 0:1eV.

As the �gure shows, the TDLD A approach fails to reproduce the optical absorption, sinceboth

the band gap and the oscillator strengths of the main peaks are wrong. On the contrary,

following our comparisonbetweenTDDFT and Green's functions, we have to evaluate the two

contributions to the TDDFT kernel. The �rst term f (1)
xc accounts for the one-quasiparticlexc

e�ects. It transforms the KS responsefunction � 0 into the GW independent quasiparticle P0.

The corresponding curve in �gure 1 gives the correct band gap. At this level, electron-hole

interaction xc e�ects are still absent, as it is evident in the remaining blue shift of the spectrum

and the underestimation in the oscillator strength of the �rst excitonic peak. The secondterm

f (2)
xc accounts for the two-particle xc e�ects. If the sametechnical approximations as in BSE are

used (use of a static W , neglect of the derivative of W with respect to G), the corresponding

curve closely reproducesthe solution of BSE, which is the current state-of-the-art concerning

calculations of optical absorption.

The sameconsiderationsalso apply to the example of another system, silicon carbide, whose

optical absorption is shown in Fig. 2.

4.2 Quasiparticle energies

It is also interesting to seewhat one obtains when using this schemeto go beyond the GW ap-

proximation for the calculation of band gapsin semiconductorsand insulators. Sincesystematic
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Figure 1: Optical absorption spectrum of bulk silicon calculated within di�eren t approximations

and comparedto experimental data of Ref.[20]. The dashedline represents the TDLD A curve,

the dot-dashedline the TDDFT kernel using f (1)
xc of the text only, the full line the full TDDFT

kernel of the text. The Bethe-Salpeter equation's solution (crosses)and the experimental curve

(full circles) are given for comparison.
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Figure 2: Optical absorption spectrum of bulk silicon carbide calculated within di�eren t ap-

proximations and compared to experimental data of Ref. [21]. The dashedline represents the

TDLD A curve, the dot-dashed line the TDDFT kernel using f (1)
xc of the text only, the full line

the full TDDFT kernel of the text. The Bethe-Salpeter equation's solution (crosses)and the

experimental curve (full circles) are given for comparison.

GW� studies in literature are available only for a short-range (LDA) kernel [7], we provide here

a discussionon the in
uence of a long-rangecontribution on QP energies.

For illustration, we present in Tables2 and3 results on bulk silicon and solid argon (obviously,
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the e�ect of a long-rangecontribution is particularly interesting in a solid, and silicon and argon

represent two extreme cases,the �rst one with strong screeningand continuum excitons, the

secondone with almost no screeningand strongly bound electron-holepairs).

The �rst seriesof results, presented in Table2, usesLDA as starting approximation for the

right-hand side of Eq. (19), whereasthe secondseriesin Table3 usesthe static but nonlocal

\Coulomb-hole-plus-screenedexchange" (COHSEX) approximation to GW [2]. In the latter

case,we usethe kernel f e�
xc given by Eq. (27) which, although approximate, has the correct long-

range behavior [12, 13, 22]. Furthermore, LDA wavefunctions are usedthroughout: we suppose

them to be similar to the COHSEX QP ones.

The two tables show the band gap at � for both materials under study. The �rst column

gives the band gap that is obtained from the respective starting approximation (i.e. LDA or

COHSEX). The secondcolumn usesthis band structure, and provides the subsequent standard

non-self-consistent GW RP A . Columns 3 and 4 show the band gap for the approximations to the

self-energyderived in this work, using either W TC-TC (�rst part of Eq. (19)) or ~W (neglect of

only ��). Finally, the experimental value is given in the last column [23]. Both materials show

similar tendencies. In particular, there is a signi�cant in
uence of the single-particle energies

on the GW RP A (secondcolumns). The choiceof COHSEX energiesin W simulates the e�ect of

the contribution f (1)
xc of Eq. (25). In most cases,the electron-holevertex correction f e�

xc = f (2)
xc in

W T C� T C closesthe gap (third columns) with respect to RPA. When f e�
xc is included according

to Eq. (19) in order to evaluate the explicit vertex in � = iGW T C� T C � (2) = iG ~W (fourth

columns), there is a strong opening of the gap. Our most complete result is hencedetermined

by a seriesof cancellations. The overall behavior of both kernelsunder study (arising from LDA

or the non-local COHSEX scheme) is very similar, even though the LDA kernel doesnot have

the crucial, correct long-rangecontribution [22]. Theseresults roughly justify calculations using

the RPA GW form constructed with QP energiesinstead of KS ones. The GW � gap turns

out to be slightly bigger than the experimental value. In order to obtain improved agreement,

one should of courseavoid someof the above approximations; in particular we expect the non-

locality correction to decreasethe gap, since the neglectedterm should reducethe e�ect of the

external vertex. Those and other more sophisticated numerical calculations (including, e.g.,

self-consistencyin the wavefunctions) are however beyond the scope of this illustration.

5 Conclusions

In conclusion, using the concept of the density as crucial quantit y we have derived a complete

new set of equations for the many-body vertex, polarizabilit y and self-energy. This approach

doesnot require the solution of integral equationscontaining a four-point kernel. In particular,

the polarizabilit y is directly obtained from a two-point equation, containing a two-point many-

body kernel f e�
xc , which completely changesthe way e.g. excitonic e�ects can be calculated. The

exchange-correlationkernel of TDDFT turns out to di�er from f e�
xc by a term that is essentially

responsible for the gap correction. Our approach explains the successof previously published

approximations for the kernel and allows one to go beyond in a systematic way. On top of this

progressconcerningTDDFT, the approach also opensthe way for better approximations to the

90



LDA GW RP A GW TC-TC G ~W Expt.

Si 2.53 3.17 3.08 3.18 3.40

Ar 8.18 12.95 12.64 12.75 14.2

Table 2: Direct gap (in eV) at � in bulk silicon and solid argon, calculated using a local

approximation (LDA) for the starting self-energy(seetext).

COHSEX GW RP A GW TC-TC G ~W Expt.

Si 3.64 3.30 3.18 3.32 3.40

Ar 14.85 14.00 14.16 14.76 14.2

Table 3: Sameas Table2, but basedon a non-local approximation (COHSEX) for the starting

self-energy.

self-energyand other many-body quantities.

These steps forward could be achieved by combining two fundamentally di�eren t frameworks.

We think that this might be a nice illustration for the strength of a network like 	 k , that tries

to bring together di�eren t communities of people working on similar problems. The present

work has in fact bene�tted from many formal and informal meetings; in particular, we are

grateful for discussionswith C.-O. Almbladh, U. von Barth, J. F. Dobson,A. Marini, A. Rubio,

G. Stefanucci, R. van Leeuwen, and N. Vast. We also acknowledge support from the the EU's

6th Framework Programme through the NANOQUANT A Network of Excellence(NMP4-CT-

2004-500198),and computer time from IDRIS (pro ject 544).
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