
a b  
 
Fig. 19. Predicted enthalpy (a) and volume (b) of formation of Xe-C compounds at 200 
GPa. The compounds shown are Xe (hcp), Xe2C, XeC, Xe2C3, XeC2, XeC4, XeC6, XeC8, 
C(diamond).  
 

 
Fig. 20. Predicted structures of Xe2C, XeC, Xe2C3, XeC2, XeC4, XeC6, XeC8 at 200 GPa. 
 

a b c  
 
Fig. 21. Structures of carbon layers in a) Xe2C and XeC, b) Xe2C3, c) XeC2.  
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Another example of unmixing: Cu-C system. While many metals easily form carbides 
already at ambient pressure, no stable compounds are known in the Cu-C system. The 
tendency to unmixing in this system is very strong and even simulations on small cells show 
clear separation into layers of fcc-structured Cu and layers of graphite (Fig. 22). When the 
tendency to unmixing is not so large, simulations on small unit cells may find metastable 
“mixed” structures (see below, Fig. 23c). Such structures have the lowest thermodynamic 
potential only at the given number of atoms in the unit cell; increasing the cell size would lead 
to phase separation. In the Cu-C system, phase separation is evident already at very small 
system sizes (Fig. 22).  
 

 
 
Fig. 22. Lowest-energy structure of Cu2C with 12 atoms/cell at 1 atm.  
 
Investigation of possible insulating phases of Al12C and Al13K. Works [35]-[37] proposed a 
new class of solids, made of Al clusters – ionic insulator (Al13)K with the CsCl-type structure 
and icosahedral [35] or cuboctahedral [36] Al13

- ions, and molecular Al12C with icosahedral 
[37] Al12C clusters bound together by weak intermolecular interactions. Icosahedral 
nanoclusters are well known for aluminium, boron, and other elements, and according to the 
jellium model, clusters with 40 valence electrons should be particularly stable and Al12C and 
Al13

- icosahedra groups may have closed-shell electronic configurations and produce 
insulating structures. Such materials, if they can be synthesized, would be technologically very 
interesting materials. Recently [69] we explored these systems (with the exception that for 
Al12C we study only the 13-atom system, rather than the previously [37] suggested 104-atom 
cell) using USPEX. In both cases the lowest-energy structures do not contain any well-defined 
clusters.  
 
For Al13K, when full relaxation is performed, the icosahedral structure (Fig. 23a) 
spontaneously transforms into the cuboctahedral one (Fig. 23b). The cuboctahedra are 
fragments of the fcc structure; however, these are not isolated in Al13K, but form bonds with 
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each other (Al-Al distances within the cluster are 2.78 Å, and 2.72 Å between the clusters), 
which makes this structure metallic and indicates limitations of the jellium model. The 
structure found with USPEX (Fig. 23c) is 78 meV/atom lower in energy, has no clusters and 
shows a strong perturbation exerted by K atoms on the Al-sublattice. No stable compounds are 
known in the Al-K system – this is consistent with our result that even the USPEX-produced 
structure is 72 meV/atom higher in energy than the mechanical mixture of pure Al and K.   
 
For Al12C, the optimized icosahedral structure (Fig. 24a) also has bonds between the clusters: 
Al-Al distances are 2.67-2.72 Å within the cluster and 2.65 Å between the clusters. Thus, the 
expectation of a molecular structure made on the basis of the jellium model is again incorrect. 
This structure has a DFT band gap of 0.3 eV, but is not stable: with USPEX, we found a much 
more stable (by 557 meV/atom) structure shown in Fig. 24b. That structure is close-packed, 
similar to the fcc structure of pure Al, but with stacking faults at which C atoms occupy the 
octahedral voids in the aluminium close packing. Thus, C impurities in Al may be correlated 
with the presence of stacking faults. The USPEX-produced structure of Al12C is metallic and 
only 39 meV/atom less stable than the mechanical mixture of pure aluminium and graphite. 
There is a stable phase in the Al-C system, Al4C3.  
 

a  b  c  
 
Fig. 23. Structures of Al13K with 14 atoms/cell: (a) with icosahedral Al13 clusters, (b) with 
cuboctahedral Al13 clusters, (c) structure produced by USPEX. From [69]. 
 

a  b  
 
Fig. 24. Structures of Al12C with 13 atoms/cell: (a) with icosahedral clusters, (b) structure 
produces by USPEX. From [69].  
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5 Conclusions 
 
Evolutionary algorithms, based on physically motivated forms of variation operators and local 
optimization, are a powerful tool enabling reliable and efficient prediction of stable crystal 
structures. This method has a wide field of applications in computational materials design 
(where experiments are time-consuming and expensive) and in studies of matter at extreme 
conditions (where experiments are very difficult or sometimes impossible). We are suggesting 
USPEX as the method of choice for crystal structure prediction of systems with ~ 6 – 40 
atoms/cell, where no information (or just the lattice parameters) is available. Above 40 
atoms/cell runs become expensive (although still feasible), eventually necessitating the use of 
other ideas within USPEX or another approach, due to the ‘curse of dimensionality’. 
Fortunately, many (or most) systems of practical or fundamental interest fall in the size range 
accessible to USPEX. The extension of the method to molecular systems (i.e. handling whole 
molecules, rather than individual atoms) is already available. One of the current limitations is 
the accuracy of today’s ab initio simulations; this is particularly critical for strongly correlated 
and for van der Waals systems. Note, however, that the method itself does not make any 
assumptions about the way energies are calculated and can be used in conjunction with any 
method that is able to provide total energies. Difficult cases are aperiodic and disordered 
systems (for which only the lowest-energy periodic approximants and ordered structures can 
be predicted at this moment). Additional work is required to extend it further to very large (> 
200 atoms/cell) systems and to systems with variable composition. In the latter case, one 
would simultaneously predict all the stable stoichiometries in a given range of compositions, 
and the corresponding stable structures. A pioneering study [90] succeeded in predicting stable 
stoichiometries of alloys within a given structure type, but simultaneous prediction of structure 
and stoichiometry remains an unsolved problem. Currently, we are working on such 
extensions of the method.  
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Appendix: How to compute the similarity matrix. Fingerprinting method. 

 
Here we describe a method which one of us (M.V.) has developed to monitor population 
diversity in evolutionary simulations. To measure the similarity between the structures, we 
propose a clustering procedure based on some definition of the abstract distance between two 
structures. Any such method should be: 1) independent from translation and rotation of the 
structure; 2) independent from the choice of unit cell between equivalent unit cells; 3) robust 
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regarding small numerical errors; 4) independent from the ordering of cell axis and atoms in 
the cell; 5) independent from inversions and mirroring of the structures.  
 
Among the number of papers (e.g. [91]-[94]) where structure descriptors and distance metrics 
were considered for crystals, we note the work of Chisholm and Motherwell [94], which 
employed interatomic distances and provided inspiration for our more general method. The 
work of Hundt et. al. [93] gives a comprehensive survey of existing methods with a focus on 
calculating some form of distance metric between structures. 
 
Using this distance, we construct a similarity matrix where each element Aij measures the 
similarity (in terms of the abstract distance) between the i-th and j-th structures. We prefer to 
rescale the abstract distances, so that for a maximally similar pair the similarity equals one, 
and for the most dissimilar pair it is zero.  
 
Properties of similarity matrices: 
 

1. The range of values is from 0 (blue) to 1 (red).  
2. Similarity matrix is symmetric, with values of 1 on the main diagonal.  
3. Blue lines indicate structures that have no significant similarity with any other 

structures explored. 
4. Blocks of values close to the main diagonal show diversity of the population and its 

change along the simulation. Due to selection pressure, in evolutionary simulations 
diversity of the population decreases during the simulation – visually this can be 
detected as “reddening” of the similarity matrix towards its upper right corner. 

 
To calculate the distance between the structures, a descriptor, called a fingerprint, is computed 
for each structure. The fingerprint can be defined in the real space (set of interatomic 
distances) or in the reciprocal space (structure factor), we prefer the more intuitive real-space 
constructions. One (out of an infinite number of possibilities) construction we use consists of 
components from all element types; each component contains the element type of the 
corresponding atom and an increasing ordered set of distances from it to the other atoms in an 
infinite crystal (Fig. 25). All components contain the same number of distances and it is 
sufficient to have distances up to one half of the longest unit cell side in the examined set of 
structures.  
 
To cluster fingerprints, and therefore to cluster the associated structures, a distance between 
them should be defined. We start defining the distance between two fingerprint components. 
The simplest measure is the Euclidean distance between the N-dimensional points whose 
coordinates are the various component distances (da for first fingerprint and db for the second 
one). 
 
 D = √ ∑i(dai – dbi)2 
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To increase the discriminating power, one should account for the linear increase of errors with 
distance and the quadratic increase with distance of the number of distance values in the 
fingerprint, e.g.: 
 
 D = √ ∑i ((dai – dbi) / (dai + dbi)3)2 
 
This algorithm has been implemented inside the molecular visualization environment STM3 
[95][96] and uses its visualization facilities to help guide and control the algorithm behavior. 
The method uses a library for approximate nearest neighbor searching [97] to compute the 
number of distances needed for each structure atoms. 
 

 
Fig. 25. Structure of a fingerprint. 
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