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Abstract

Multiferroics, materials where spontaneous long-range mgnetic and dipolar orders coex-
ist, represent an attractive class of compounds, which comibe rich and fascinating funda-
mental physics with a technologically appealing potentialfor applications in the general area
of spintronics. Ab-initio calculations have signi cantly contributed to recent progress in this
area, by elucidating di erent mechanisms for multiferroicity and providing essential informa-
tion on various compounds where these e ects are manifestlat play. In particular, here we
present examples of density-functional theory investigaibns for two main classes of materials:
a) proper multiferroics (where ferroelectricity is driven by hybrid ization or purely structural
e ects), with BiFeO 3 as prototype material, and b) improper multiferroics (where ferroelec-
tricity is driven by correlation e ects and is strongly link ed to electronic degrees of freedom
such as spin, charge, or orbital ordering), with rare-earthmanganites as prototypes. As for
proper multiferroics, rst-principles calculations are shown to provide an accurate qualitative
and quantitative description of the physics in BiFeOg, ranging from the prediction of large
ferroelectric polarization and weak ferromagnetism, oveithe e ect of epitaxial strain, to the
identi cation of possible scenarios for coupling between drroelectric and magnetic order.
For the class of improper multiferroics, ab-initio calculations have shown that, in those cases
where spin-ordering breaks inversion symmetryite. in antiferromagnetic E-type HoMnO 3),
the magnetically-induced ferroelectric polarization canbe as large as a few C/cm?. The
presented examples point the way to several possible avensidor future research: On the
technological side, rst-principles simulations can contibute to a rational materials design,
aimed at identifying spintronic materials that exhibit fer romagnetism and ferroelectricity at
or above room-temperature. On the fundamental side ab-initio approaches can be used to
explore new mechanisms for ferroelectricity by exploitingelectronic correlations that are at
play in transition metal oxides, and by suggesting ways to maimize the strength of these
e ects as well as the corresponding ordering temperatures.

1 Introduction to multiferroic materials

Recent years have seen an enormous increase in research tti in the eld of multiferroic
materials and magneto-electric e ects. In December 2007 $ence Magazine listed multiferroic
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materials as one out of ten \Areas to watch in 2008", the only eatry from the Materials Sci-
ence/Condensed Matter area that was included in this list. Hrst principles calculations using
density functional theory (DFT) [1{3] have played an import ant role in this \Renaissance of
Magnetoelectric Multiferroics" [4]. In the present paper we give a brief summary of the current
status of research on multiferroic materials and highlight some of the contributions that have
been made using rst principles electronic structure calcuations.

According to the original de nition put forward by Hans Schm id [5], multiferroic materials are
materials that combine two or more of the primary forms of ferroic order, i.e. ferroeleasticity,
ferroelectricity, ferromagnetism, and ferrotoroidicity. In practice, most of the recent research has
focused on materials that combine some form of magnetic ordgferromagnetic, antiferromag-
netic, non-collinear, ...) with ferroelectricity. Theref ore, the term multiferroics is nowadays
often used synonymous withmagnetic ferroelectrics

Research on multiferroics (or magnetic ferroelectrics) isalso intimately interwoven with re-
search on themagneto-electric e ect, which is the property that in certain materials a magnetic
eld induces an electric polarization and, conversely, an &ctric eld induces a magnetization.
Traditionally, one distinguishes between linear, quadraic, and higher order magneto-electric ef-
fects [6], but more recently the term \magneto-electric e ect" is often (mis-)used to describe any
form of cross-correlation between magnetic and (di-)elecic properties. (For example, when the
application of an external magnetic eld induces a phase trasition between ferroelectric/non-
ferroelectric phases.) It is important to point out, though, that not every magnetic ferroelectric
exhibits a linear magneto-electric e ect (in the original sense) and that not every material that
exhibits a linear magneto-electric e ect is also simultaneusly multiferroic.

Due to the combination of magnetic and dielectric properties, with eventual cross-coupling be-
tween these properties, multiferroics have immense poteil for technological device applications
and at the same time they pose very interesting and rich fundanental physics problems. It is
probably this combination of applied and fundamental reseach that is partly responsible for the

strong attraction that these materials have developed in reent years.

Multiferroics form a very diverse class of materials, and tkere is no unique \theory of multi-
ferroics". Nearly every material has to be studied on its ownright, and eventually involves
very di erent physical mechanisms than other multiferroic materials. However, it has proven
to be very useful to classify di erent multiferroics according to the mechanism that drives the
ferroelectricity in the corresponding systems. In particdar two major classes of multiferroics
can be distinguished:

1. Multiferroics, where the ferroelectricity is driven by hybridization and covalency or other
purely structural e ects.

2. Multiferroics, where the ferroelectricity is driven by some other electronic mechanism, e.g.
\correlation" e ects.

In the second case, ferroelectricity always arises as a sewary e ect that is coupled to some
other form of ordering, such as magnetic or charge ordering. Therefore, these systems are
often called \improper magnetic ferroelectrics". We note that also in the rst class at least
one material, hexagonal YMnQ;, has been classi ed as an improper ferroelectric, where the
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electric polarization is not the primary order parameter, but instead is coupled to a di erent
non-polar structural instability [7]. In spite of that, and for the purpose of this article, we
will call materials belonging to the rst category \proper m agnetic ferroelectrics" (or \proper
multiferroics"), whereas materials in the second categorywill be called \improper magnetic
ferroelectrics” (or \improper multiferroics”). We note th at this \zoology" of multiferroics is still
work in progress, and that the discovery of new materials migt require a further re nement or
rede nition of previous classi cations.

In this article, we are not attempting to provide a complete review of all rst principles work
that has been carried out so far. Instead, we discuss some spe examples that illustrate the
power of these methods in elucidating the physical origins bthe observed properties of known
multiferroics, and point out the possibilities in predicti ng novel e ects and designing new mate-
rials with optimized properties. Also, we focus only on sinde-phase (bulk) materials, therefore
leaving out all those e ects coming from the combination of ferroelectrics and ferromagnets in
(arti cial) multiferroic heterostructures. Several excellent review articles about general aspects
of multiferroic materials and magneto-electric e ects hawe already been published, see for exam-
ple Refs. [8{13], and much of the early rst principles work has also been reviewed in Ref. [14],
and more recently in Ref. [15].

The remainder of this article is structured as follows: we sart by giving a more detailed discus-
sion of proper magnetic ferroelectrics, and we summarize ste of the key developments where
rst principles studies have made important contributions. We then focus in particular on re-
search related to BiFeG;, which is probably the most studied multiferroic material t o date. After
that, we give an overview over more recent advancements in t eld of improper multiferroics,
and discuss some recent work on various manganite systemsttloorhombic E-type HoMnO 3 and
half-doped Lay.5Cap.sMnO3. We end with some conclusions and perspectives for future search.

Finally, before starting our discussion of proper and imprger multiferroics, we want to mention

that even though no new calculational techniques have to be eveloped for the study of these
materials, research on multiferroics typically involves acombination of a variety of advanced
technigues, most of which have been established only durinthe last decade (roughly speak-
ing). These techniques include for example beyond-LDA/GGAapproaches for the treatment of
strongly correlated transition metal oxides, mostly LSDA+ U [16,17], methods for the treatment
of non-collinear magnetism [18] and spin-orbit coupling [9], the Berry phase approach to cal-
culate electric polarization [20,21] combined with a further analysis using maximally localized
Wannier functions [22], and many more.

2 Proper magnetic ferroelectrics

Most of the \early" rst principles work on multiferroics wa s focused on proper magnetic fer-
roelectrics, in particular on identifying mechanisms for ferroelectricity that are compatible with
the simultaneous presence of magnetic order.

In conventional ferroelectrics such as BaTiQ and PbTiO 3, hybridization e ects between the
lled oxygen p states and the empty transition metal d states are essential for the appearance of
the structural instability that causes ferroelectricity [ 23]. Early rst principles work pointed out
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that such a mechanism is unfavorable if the transition metald states are partially lled, which
to some extent explains the relative scarcity of magnetic feroelectrics [24, 25].

The ferroelectricity in multiferroic materials is therefo re generally caused by a di erent mech-
anism than in prototypical ferroelectric materials such asBaTiO 3, PbTiO 3, or KNbO 3, which
all contain transition metal cations with a formal d° con guration. As in the case of these
conventional ferroelectrics, electronic structure calclations have been crucial in identifying and
classifying di erent mechanisms for ferroelectricity that are also compatible with the simultane-
ous presence of partially lled d of f states.

Two such mechanisms have emerged from these early studies:

1. Ferroelectricity caused by stereo-chemically active \bne-pair" cations, e.g. BF* or Pb?*.

2. \Geometric ferroelectricity”, where the structural ins tability is driven by size e ects and
other geometrical considerations.

It is well known in chemistry, that cations containing a highly polarizable 5s or 6s lone pair
of valence electrons have a strong tendency to break local wersion symmetry. This can be
understood by a mixing betweenns and np electron states, which can lower the energy of the
cation, but is only allowed if the ionic site is not an inversion center. Alternatively, in a solid
this tendency can be understood as cross-gap hybridizatioletween occupied oxygenp and
unoccupied np states of the lone-pair cation, similar to the cross-gap hyhbidization between
occupied oxygenp and unoccupied transition metal d states that gives rise to the ferroelectricity
in conventional ferroelectrics [26]. In fact, the presencef the lone-pair active Pb?* cation is an
important factor for the ferroelectric properties of PbTiO 3 (in addition to the presence of the
d® Ti%* cation) [23]. The lone-pair mechanism was identi ed as the surce of the ferroelectric
instability in BIMnO 3 [27,28] and BiFeG; [29, 30].

In contrast to this, the ferroelectric instability in geometric ferroelectrics does not involve any
signi cant re-hybridization e ects. Instead, a structura | instability in such systems is generated
mainly by size e ects and geometric constraints,i.e. the space- lling and ionic coordination in

the \ideal" high-symmetry structure is not optimal, but can be improved by a small distortion
that eventually breaks inversion symmetry. The rst materi al that was identi ed as geometric
ferroelectric is hexagonal YMnQ; [31] (see Fig. 1a). First principles calculations showed tht the
ferroelectric structure of this material results from an interplay between a polar -point mode and

a non-polar Brillouin zone-boundary mode that leads to a unt cell tripling [7,31]. Furthermore,

calculated phonon frequencies together with group theordtal analysis suggests that YMnG
is an improper ferroelectric, where the hexagonal point group of the centosymmetric high-
symmetry structure allows a coupling between the otherwisestable , and the unstable K 3
mode [7].

An example for proper geometric ferroelectricity has been found in the series ofragiferromagnetic
(AFM) uorides Ba M F4, where M can be Mn, Fe, Co, or Ni [32]. The special connectivity of
the uorine octahedra in these systems, which are arrangedn quasi-two-dimensional sheets,
gives rise to one unstable phonon mode that involves alterning octahedral rotations together
with an overall shift of the interjacent Ba cations relative to the other ions (see Fig. 1b). This
shift creates an electric dipole moment, and since only onetsictural mode is involved the
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Figure 1: Crystal structures of various magnetic ferroeletrics: a) YMnO 3, which has been clas-
si ed as improper geometric ferroelectric, crystallizes n a layered hexagonal structure, consist-
ing of a two-dimensional arrangement of connected oxygen kpyramids surrounding the Mn3*
cations that are separated by layers of ¥* cations. b) BaNiF,4, a proper geometric ferroelec-
tric, is found in an orthorhombic structure with buckled pla nes of uorine octahedra around
the Ni?* cations and additional interjacent Ba®* cations. c) BiFeOs, where the ferroelectricity
is driven by the stereochemically-active BF* cation, exhibits a rhombohedrally distorted per-
ovskite structure, where all ionic sublattices are displaed relative to each other along the polar
(111) direction, and the oxygen octahedra are rotated aroud the same (111) axis, alternately
clockwise and counter-clockwise.
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corresponding ferroelectricity is classi ed as \proper". Due to the fact that uorine systems
are generally much more ionic and less covalent than oxideggeometric ferroelectricity can be
expected to be the dominant source for ferroelectric installities in uoride compounds.

Very recently, the question of why exactly the standard p-d hybridization mechanism for ferro-
electricity is unfavorable for systems with partially lle d d shells has been revisited [33,34]. For
perovskite systems, with dominantly cubic crystal eld splitting between the tog and e; mani-
folds, it is not fully clear why for example a d® con guration with partially lled tog states, but
empty ey orbitals, cannot give rise to a favorable cross-gap hybridiation between lled oxygen
p and empty transition metal ey states. It was suggested that the Hund's coupling betweertyg
and ey states will disfavor such hybridization [11]. This was suprted by LDA+ U calculations
for CaMnO3, where the Hund's coupling was e ectively \turned o ", whic h indeed resulted in a
tendency for o -centering of the Mn4* cation. In addition, recent rst principles calculations f or
CaMnOg3, SrMnOg3, and BaMnOg in the perovskite structure show that these systems can de-
velop a ferroelectric instability, but that this ferroelec tric instability competes with a non-polar
\antiferrodistortive" instability, and that the relative  strength of these two instabilities depends
strongly on the unit cell volume [33, 34]. For larger volumes(i.e. BaMnO3) the ferroelectric
instability becomes dominant. Thus, even though BaMnG; is not stable in the cubic (or in
the orthorhombically distorted) perovskite structure (it crystallizes in a hexagonal structure),
this opens up the possibility to stabilize the correspondiry ferroelectric phase by using epitaxial
constraints, i.e. using thin Im growth techniques.

Apart from these investigations into possible mechanismsdr ferroelectricity that are compatible
with the simultaneous presence of magnetic order, rst prirciples calculations have also been used
to rationalize experimental observations, investigate pasible mechanisms for coupling between
the electric polarization and the magnetic order, and to deggn new multiferroic and magneto-
electric materials. In the following we will highlight some of these calculations, in particular the
work related to one of the most prominent multiferroic materials: bismuth ferrite.

2.1 First principles calculations for BiFeO 3 and related work

BiFeO3 (BFO) is one of the most studied (probably the most studied) multiferroic material.

BFO is known to be multiferroic (or more precisely: AFM and ferroelectric) already since the
early 1960s [35]. However, for a long time it was not consided as a very promising material for
applications, since the electric polarization was believe to be rather small [36] and the AFM
order does not lead to a net magnetization [37, 38].

This has changed drastically, following a publication in Séence in 2003 (Ref. [39]), which to great
extent has triggered the intensive experimental and theorécal/computational research on BFO
during the last 5{6 years. In this study, a large spontaneouselectric polarization in combination
with a substantial magnetization was observed above room teperature in thin Ims of BFO
grown epitaxially on SrTiO 3 substrates. The presence of both magnetism and ferroeledtity
above room temperature, together with potential coupling between the two order parameters,
makes BFO the prime candidate for device applications basedn multiferroic materials.

Whereas the large electric polarization was later con rmedindependently, and explained by rst
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principles calculations, the origin of the strong magnetiation reported in [39] is still unclear
and, to the best of our knowledge, it has never been reproducein an independent study. It
is generally assumed that the magnetization reported in Ref[39] is related to extrinsic e ects
such as defects or small amounts of impurity phases.

The large electric polarization, which appeared to be at odd with bulk single crystal measure-
ments from 1970 [36], was originally assumed to be due to epikial strain, which results from
the lattice constant mismatch between BFO and the substrate material SrTiO 3. It is known
that epitaxial strain can have drastic e ects on the properties of thin Im ferroelectrics. For
example, it can lead to a substantial enhancement of electd polarization and can even induce
ferroelectricity at room temperature in otherwise non-ferroelectric SrTiO3 [40, 41].

In the following we illustrate how rst principles calculat ions have been instrumental in clarifying
the origin of both polarization and magnetization in thin | m BFO, by showing that the large
electric polarization found in the thin Ims is in fact intri nsic to unstrained bulk BFO and that,
in contrast to many other ferroelectrics, epitaxial strain has only a minor e ect in this material.

2.1.1 Electric polarization of bulk BFO and the e ect of epit axial strain

According to the so-called \Modern theory of polarization", the electric polarization of a bulk
periodic system is de ned via the Berry phase of the correspiding wavefunctions [20,21]. Since
this geometrical phase is only well de ned modulo 2, the polarization is only well-de ned
modulo so-called \polarization quanta”, given by Péi) = 5, whereeis the electronic charge,
g a primitive lattice vector (i =1;2;3), the unitcell volume, and f is a spin degeneracy factor
(f = 2 for a non-spinpolarized system,f = 1 for a spin-polarized system). If the expression
for the polarization is recast as a sum over \Wannier center$ [20], a translation of one of the
occupied Wannier states from one unit cell to the next correponds to a change in polarization by
exactly one \quantum”. The multivaluedness thus re ects th e arbitrary choice of basis vectors
when describing an in nite periodic structure.

In spite of this multivaluedness of the bare polarization fa a speci c atomic con guration,
di erences in polarization are well de ned quantities, provided the corresponding con gurations
can be transformed into each other in a continuous way and thesystem remains insulating along
the entire \transformation path" [21].

In particular, the spontaneous polarization of a ferroeletric material is de ned as half the di er-
ence in polarization between two oppositely polarized stats, or equivalently, as the di erence in
polarization between the ferroelectric structure and a suiable centrosymmetric reference con g-
uration. In order to calculate the spontaneous polarization one therefore has to perform a series
of calculations for di erent con guration between the ferr oelectric state and the centrosymmet-
ric reference structure. If the change in polarization betveen two such con gurations is much
smaller than the polarization quantum, then the correspondng di erence can be clearly iden-
tied and the full change in polarization along the transfor mation path, i.e. the spontaneous
polarization, can be determined.

The application of this procedure to calculate the spontaneus polarization of BFO is compli-
cated by the following two features: i) the polarization quantum for a spin-polarized system is
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Figure 2: Evolution of the polarization P along the transformation path from a negatively
polarized state ( 100 % distortion), through a centrosymmetric reference corguration (0 %

distortion), to a positively polarized state (+100 % distor tion). Red circles correspond to the
LSDA+ U calculation with U = 2 eV, green diamonds indicate the LSDA result for the fully
polarized states. Dierent values of P for xed amount of distortion are separated by the
polarization quantum Pélll) =186 C/cm?. The spontaneous polarizationPs is given by the
di erence in polarization between the fully distorted and t he undistorted con guration for an

arbitrary branch of the bare polarization. Note: the systematic sketches at the bottom do not

correspond to the actual crystal structure of BFO.

only half that for a similar nonmagnetic system, andii) due to the underestimation of the local
spin splitting for Mott-Hubbard insulators within the stan dard local spin-density approximation
(LSDA), BFO becomes metallic for the less distorted referewe con gurations within LSDA.

These problems have been overcome in Ref. [29] by using the D8+ U method [16, 17] to
calculate the electronic structure of BFO in various con gurations along the transformation

path from the fully distorted R3c structure to the centrosymmetric cubic perovskite (P m3m)

structure. Within the LSDA+ U method the local d-d exchange splitting is enhanced by the
Hubbard U and BFO stays insulating even in the undistorted cubic perowskite structure (for U

valuesUe = U J = 2{4 eV [29]).

Figure 2 shows the evolution of the electric polarization wih varying degree of distortion between
two oppositely polarized states calculated forUe, = 2 eV. The LSDA results are included for
100 % distortion. The fact that the corresponding symbols (geen diamonds) can barely be
recognized behind the red circles that indicate the LSDA+U results shows that the value of the
bare polarization is rather insensitive to the exact value ¢ U . It can be seen that di erent
values of P corresponding to the same amount of distortion are separat by the polarization
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Figure 3: Dependence of the spontaneous polarizatioPs on epitaxial strain  for BFO in two
di erent structural modi cations and some other (non-magn etic) ferroelectrics. Symbols corre-
spond to results from rst principles calculations for strained unit cells (data for BaTiO 3/PbTiO 3
is taken from [43]/ [44]), lines are obtained from the calcuated bulk linear response functions
(see [45]). Note that the epitaxial constraint for all systems is applied in the plane perpendicular
to the polarization, i.e. (001) for BaTiO 3, PbTiO 3, and P4mm-BiFeO3, and (111) for LiNbO3
and R3c-BiFeOs3.

quantum along (111), Pélll) = (& + &+ &), Whereay.,.3 are the primitive lattice vectors of
the rhombohedral R3c structure. As indicated, the spontaneous polarizationPs can be obtained
as the di erence between the fully distorted and the undistarted con guration for an arbitrary
\branch" of the bare polarization.

From these calculation a spontaneous polarization of bulk BO of 95 C/cm? has been
obtained. This is an order of magnitude larger than what was peviously believed to be the
case, based on the measurements in Ref. [36], and even excedbe polarization of typical
prototype ferroelectrics such as BaTiQ, PbTiO 3, or PbZro.5Tig503 (PZT). Variation of Ug
within reasonable limits changes the calculated value for lhe electric polarization by only

5 Clcm?, i.e. the large value of the polarization is rather independent fom the precise value
of the Hubbard parameter. This is consistent with the assumpion that the transition metal d
states do not play an active role for the ferroelectric instaility in BFO. The calculated large
spontaneous polarization for bulk BFO is also consistent wth the large ionic displacements in
the experimentally observed R3c structure of BFO (see Fig. 1c), compared to an appropriate
centrosymmetric reference con guration. Recently, the lage polarization of 100 C/cm?
along (111) for bulk BFO has also been con rmed experimentdyy by new measurements on
high-quality single crystals [42].
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E ects of epitaxial strain can be assessed from rst principles by performing bulk calculations
for a strained unit cell, where the lattice constant within a certain lattice plane (correspond-
ing to the orientation of the substrate surface) is constraned, whereas the lattice constant in
the perpendicular direction as well as all internal structural parameters are allowed to relax.
Such calculations have been performed for BFO correspondinto a (111) orientation of the
substrate [46]. In this case theR3c symmetry of the bulk structure is conserved and the epitax-
ial constraint is applied in the lattice plane perpendicular to the polarization direction. It was
found that the sensitivity of the electric polarization to s train is surprisingly weak in BFO, much
weaker than in other well-known ferroelectrics [46] (see K. 3). A systematic comparison of the
strain dependence in various ferroelectrics, including BP in both the R3c and a hypothetical
tetragonal phase with P4mm symmetry, has been performed in Ref. [45] (see Fig. 3). It was
shown that the e ect of epitaxial strain for all investigate d systems can be understood in terms
of the usual bulk linear response functions and that both stong and weak strain dependence
can occur.

Systematic calculations corresponding to a (001) orientabn of the substrate, the one that is
most often used experimentally, have not been performed saf. Since the epitaxial constraint
in this case breaks the rhombohedral symmetry of the bulk stucture, the corresponding strained
unit cell has a lower symmetry with more free parameters thanin the (111)-strained case. Nev-
ertheless, the e ect of such a monoclinic strain on the ferrelectric polarization in BFO has been
investigated by performing calculations for a set of lattice parameters derived from represen-
tative experimental data. Due to the lower symmetry, the polarization in this case is slightly
rotated away from the (111) direction, but the overall magnitude remains nearly unchanged
compared to the unstrained case. From this it was concluded hHat the polarization in BFO
is generally rather insensitive to epitaxial strain, and that the large polarization measured in
thin Ims is basically the same as in the corresponding bulk gstem. Indeed, the polarization
of 60 C/cm? reported in Ref. [39] for a (001) oriented thin Im agrees wel with the corre-
sponding projection of the calculated bulk value (which is giented along the (111) direction),
and polarization measurements for BFO Ims with di erent su bstrate orientations ((001), (101),
and (111)) can all be understood by assuming that the polariation vector in all cases points
essentially along (111) and has approximately the same lerly [47]. More recently, systematic
experimental investigations of the strain e ect in epitaxial BFO Ims have been undertaken by
comparing results of BFO Ims with di erent thicknesses, which have con rmed the predicted
weak strain dependence of the polarization in BFO [48]

Finally, it should be noted that Ref. [39] also contains reslis of rst principles calculations for the
electric polarization of two structural variants of BFO: th e rhombohedral bulk structure with R3c
space group, and a hypothetical tetragonal structure withP 4mm symmetry, based on the lattice
parameters found in the thin Im samples. At that time it was a ssumed that such a tetragonal
phase is stabilized in epitaxial thin Ims and that the dier ence in polarization observed in
thin Ims compared to bulk BFO was due to a large di erence in p olarization between the two
di erent structural modi cations. However, the DFT result s presented in Ref. [39] were not
conclusive, since only the bare polarization for the two di erent structures was reported and not
the spontaneous polarization that is measured in the corrgsonding \current-voltage" switching
experiments.
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In fact, it is indeed possible that a di erent phase is stabilized in thin Ims, which can then
lead to more signi cant changes of ferroelectric and magnet properties compared to bulk BFO.
However, it is important to distinguish between the simple case of a somewhat distorted version
of the rhombohedral bulk structure and a truly di erent phas e, which would for example be
characterized by a di erent oxygen octahedra tilt pattern or a di erent number of formula units
contained in the crystallographic unit cell.

Calculations presented in Ref. [45] (see also [49]) show th# BFO is constrained to tetragonal
P4mm symmetry (with no octahedral tilts and only one formula unit per unit cell) it develops a
"super-tetragonality" with c=aratio of 1.27 and a giant electric polarization ofPs 150 Cl/cm?2.
A polarization of this magnitude has indeed been found in sora highly strained Ims with c=a
ratios between 1.2{1.3 [49,50], whereas many other experiemtal reports of \tetragonal* BFO
Ims with smaller c=aratio also exist. These reports should be regarded with someaution, since
the structural characterization of thin Ims is usually res tricted to the measurement of lattice
constants and of angles between certain crystallographic icections. A full characterization
of ionic distortions (including octahedral tilt patterns e tc.) is generally not possible for thin
Ims, and rst principles calculations can therefore play an important role in clarifying open
guestions about the exact thin Im structure of BFO. In princ iple, if one tries to epitaxially
match the rhombohedral bulk structure of BFO on a square lattice substrate plane, one can
expect to obtain a monoclinically distorted version of the BFO bulk structure. However, since
the rhombohedral angle in bulk BFO is very close to 60, the value that corresponds to an
underlying cubic lattice, the monoclinic distortion can be rather small, and the thin Ims might
appear essentially tetragonal.

2.1.2 Weak ferromagnetism in thin Im BFO and coupling betwe en the various
order parameters

In addition to these structural studies, DFT calculations have also been used to investigate the
magnetic properties of BFO, in particular the possible orign for the signi cant magnetization
reported in Ref. [39]. Bulk BFO is known to exhibit \G-type" A FM ordering [37], i.e. the mag-
netic moment of each Fe cation is antiparallel to that of its nearest neighbors. Superimposed to
this G-type magnetic order a long-period cycloidal modulafon is observed, where the AFM or-
der parameterC = M, M, de ned as the di erence between the two sublattice magnetkzations
M 1.2, rotates within the (110) plane with a wavelength of 620 A [38].

Calculations for bulk BFO show a very strong and dominant AFM nearest neighbor interaction
[51], in agreement with the observed G-type magnetic order ad the rather high Neel temperature
of 600 K. In addition, the magnetocrystalline anisotropy has been calculated, and a preferred
orientation of the Fe magnetic moments perpendicular to the polar [111] direction has been
found [52]. Within the (111) plane a 12-fold degeneracy remias, leading to an e ective \easy-
plane" geometry for the magnetic moments. For an orientation of the AFM order parameter C
within this (111) plane, weak ferromagnetismis symmetry-allowed,i.e. a small canting of the two
AFM sublattice magnetizations can occur, which results in anet magnetization [53]. Indeed, if
spin-orbit coupling is included in the calculation (while the cycloidal modulation is neglected),
a small canting of the magnetic moments is obtained [52]. Themagnitude of the resulting
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Figure 4: Dependence of the weak magnetization in BFO on the S§DA+ U parametersU, =
U J andJ. The dash-dotted line represents the reported value of 0.05g/Fe. The sketches on
the left side illustrate how the canting of the two AFM sublat tice magnetizations, represented
by the magnetic momentsM g1 and M g, of the two Fe cations in the primitive unit cell, gives
rise to the net magnetization M .

magnetization depends on the choice of the Hubbard) and the Hund's rule parameter J, but
for reasonable values ofJe = U J the magnetization is around 0.05 g/Fe cation (see Fig. 4).
This value of the magnetization agrees quite well with variais thin Im measurements [54{56],
but is signi cantly smaller than what was originally report ed in Ref. [39]. It has to be pointed out
that no magnetization is observed in bulk BFO, where the pregnce of the cycloidal modulation
e ectively cancels any net magnetic moment. If the cycloidd modulation is suppressed, either
by applying a strong magnetic eld [57] or by chemical substtution [58] a small magnetization
appears, with comparable magnitude to the computational result. It is generally assumed that
the cycloidal rotation of the AFM order parameter is also suppressed in thin Ims, likely due to
enhanced anisotropy, and that the small magnetization obseved in the thin Ims is due to weak
ferromagnetism. This is supported by a neutron di raction study on BFO Ims, which could
not nd the satellite peaks associated with the cycloidal madulation [56].

Furthermore, rst principles studies addressing the e ect of epitaxial strain and the presence
of oxygen vacancies did not nd a signi cant increase in magretization [46], and it is therefore
likely that the large magnetization reported in [39] is due to other defects or small amounts of
impurity phases.

The appearance of weak ferromagnetism in thin Ims of BFO leals to the question of whether
this small magnetization is coupled to the electric polariation, i.e. whether it can be manipu-
lated by applying external electric elds. Indeed, the absance of an inversion center located at
the midpoint between two interacting magnetic moments is cucial to produce a non-vanishing
Dzyaloshinskii-Moriya (DM) interaction , which has been identi ed as the microscopic mecha-
nism responsible for the magnetic moment canting in weak faomagnets [59]. Thus, inversion
symmetry breaking can cause both weak ferromagnetism and feoelectricity, suggesting possible
cross-correlations between these two properties. First pnciples calculations have been used to
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explore this possibility for magnetization-polarization coupling in BFO [52] and in BaNiF4 [60].
It was found that in BFO the DM interaction is caused by a non-polar antiferrodistortive mode,
not by the polar distortion, and therefore the weak ferromagetism in BFO is not controlled by
the spontaneous polarization and cannot be switched usingraelectric eld [52]. In contrast, in
BaNiF4, it is indeed the polar distortion that creates a DM interaction, but the symmetry is
such that no net magnetization results. Instead, a secondar (weak) AFM order parameter is
induced in addition to the distinctly di erent primary AFM o rder [60]. Only recently, a material
has been suggested, based on a combination of rst principecalculations and symmetry consid-
erations, that ful lls all requirements for \ferroelectri cally-induced weak ferromagnetism" [61].
The corresponding material, R3c structured FeTiO 3, is closely related to BFO in that it has the
same overall structural symmetry, but with the magnetic Fe cations located on the perovskite
A site instead of the perovskiteB site as in BFO. It is this di erence in the local site symmetry
of the magnetic cation, that is crucial for the coupling between the spontaneous polarization
and the weak magnetization [61,62]. Experimental work is curently underway to validate this
theoretical prediction.

2.1.3 Designing new multiferroics and new functionalities

The prediction of FeTiO3 as a possible candidate for electric eld switchable weak f@omag-
netism, is one example for attempts to design new materials ith novel or more favorable
magneto-electric properties based on rst principles eletronic structure calculations.

Another example is the design of a material that allows for maneto-electric phase control [63].
Calculations for the rare-earth magnet EuTiO3 showed that this material exhibits a soft infrared-
active, i.e. polar, phonon mode that becomes unstable if the material is jgitaxially strained. In
addition, due to strong spin-phonon coupling in this material, the instability is more pronounced
for ferromagnetic ordering of the Eu spins than for the case ban AFM arrangement. Since the
ground state magnetic structure for the lower strain regionis AFM, it was suggested that a
phase transition from a non-polar AFM phase into a ferroeletric-ferromagnetic phase can be
induced by applying a strong magnetic eld, if the material can be prepared in thin Ims with
a compressive epitaxial strain of around 1 % [63].

In addition, attempts have been made to design materials th&4 combine strong ferroelectric
polarization with a large magnetization above room temperaure. If such a material would
also exhibit pronounced coupling e ects between polarizaion and magnetization, which ideally
would allow to switch the polarization via a magnetic eld or vice versa, then this would probably
create a similar excitement as nding a room temperature sugrconductor. Unfortunately, at
the moment no multiferroic that exhibits all these properties is known (similarly, no room
temperature superconductor is known at present).

A suggestion for a material combining large polarization am large magnetization has been
made in Ref. [64]. First principles calculations predict, that if half of the Fe3* cations in BFO
are replaced by CP* cations in a checkerboard-like ordered arrangement, thenhe resulting
material BioFeCrOg is stable in a rhombohedral structure similar to BFO with a spontaneous
ferroelectric polarization of around 80 C/cm? and a magnetization of 2 g per formula unit.
The magnetization in this case results from a ferri-magnett arrangement, where the magnetic
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moments of the Cr cations are antiparallel to those of the Fe ations. A subsequent study of the
strength of the magnetic coupling in the series of compound®8iFeO3-Bi,FeCrOg-BiCrO 3 has
found that the Neel-temperature in Bi ,FeCrOg is unlikely to be above room temperature [51], but
nevertheless several attempts have been made to synthesittge corresponding material [65{67].
The synthetic challenge here, is to achieve the required clokerboard-type ordering of Fe and
Cr cations on the B sites of the underlying perovskite structure, which might be possible by
utilizing layer-by-layer growth on a (111)-oriented substrate.

2.2 Perspectives for future studies of proper multiferroic S

The examples discussed so far show that rst principles calglations have proven not only to
be useful for rationalizing experimental observations andidentifying di erent mechanisms for

ferroelectricity that can be found in multiferroic materia Is, but also to facilitate quantitative pre-

dictions of new materials and novel e ects in proper magnett ferroelectrics. Future applications
of ab initio methods in the design of new materials and in calculating theexpected properties
of these materials are therefore expected to continue to hava signi cant impact on the overall

progress of this eld.

In particular, a material with large magnetization and larg e polarization above room temperature
is still elusive. From the current point of view there is no fundamental reason why such a material
should not exist, and creative ideas on how to circumvent thelimitations and restrictions of
materials chemistry that have been encountered so far are 8t highly desirable.

Another area where DFT will undoubtedly have (and already has) a substantial impact, is the

study of arti cial heterostructures consisting of a combination of magnetic and ferroelectric
materials [13]. Examples of computational work in that direction that have already appeared
include the study of arti cial tri-layered superlattices o f di erent magnetic and nonmagnetic

oxides [68] and the investigation of polarization e ects atthe interface between a ferromagnetic
metal and a ferroelectric insulator [69].

3 Improper Multiferroics

In the beginning of this section, we will focus on the origin & ferroelectricity in the so-called
\Improper multiferroics" (IMF), outlining a few di erence s with respect to the more conventional
\proper" multiferroics discussed so far.

As pointed out in the previous sections, in displacive ferr@lectric materials (such as prototypi-

cal perovskite-like BaTiO3 or multiferroic BiFeO 3), due to strong covalency e ects, the relative
displacement of the anionic sublattice with respect to the ationic sublattice gives rise to a spon-
taneous and switchable polarization, which is the (primary) order parameter in the ferroelectric
transition. On the other hand, in IMF, the primary order para meter of the phase transition
is related to electronic (.e. spin, charge, or orbital) degrees of freedom [12]. The impdant

thing is that the resulting electronic order lacks inversion symmetry (IS), therefore opening the
way to ferroelectricity. Therefore, polarization occurs a a by-product of the electronic phase
transition and can be described as a \secondary" order parareter. As a consequencei) even
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the state with ions pinned in centrosymmetric positions canshow a nite (purely electronic)
polarization; ii) the ions can \react" to the non-centrosymmetric charge-reistribution by dis-
placing, so as to give a (more traditional) ionic contribution to the total polarization. In order
to push ahead with the comparison between proper and impropemultiferroics, one can say that
ferroelectricity in IMF is driven by \correlation" e ects ( as related to spin or charge arrange-
ments), at variance with the previously mentioned case of sindard ferroelectrics where it is
mostly driven by covalency. In IMF where polarization is magnetically-induced, it is reasonable
to expect a strong coupling between magnetic and ferroeledt properties, since the two dipolar
and magnetic orderings share the same origin and occur at theame temperature.

In Fig. 5 we schematically classify IMF on the basis of the dierent mechanisms to induce
ferroelectricity that have been proposed so far. We would ke to point out that what we present
in the following is a non-exhaustive list of the IMF materials and related mechanisms. In fact,
IMF represent a quickly evolving eld: new materials and/or novel mechanisms are proposed
on a monthly or even weekly basis. With no doubt, we thereforeexpect in the near future this
classi cation to become richer in compounds and to expand asar as mechanisms are concerned.

In Fig. 5 IMF are divided in two main classes: those where fermelectricity is driven by spin-order
(i.e. where the \magnetic" arrangement breaks IS) and those wherét is driven by charge-order
(i.e. where the charge-disproportionation leads to a non-centreymmetric arrangement). In
turn, the magnetically-induced ferroelectricity can occur in two di erent ways: i) the rst and
most studied case where a non-collinear spin-spiral occurand the IS-breaking arises due to a
spin-orbit related mechanism in the DM-like antisymmetric exchange term [70{72];ii) the case
of (mostly collinear) AFM spins where the IS-breaking occus in the Heisenberg-like symmetric
exchange-term [73,74].

Along with the classi cation of IMF, we show in Fig. 5 a few lin ks to IMF materials for which
ab-initio studies have been reported in the literature.

Chronologically, the recent interests towards IMF were boated by the discovery of ferroelectric-
ity in ToMnO 3 and of the control of the polarization direction achieved via an applied magnetic
eld [87]. However, the ab-initio simulations for TOoMnO 3 came much later [75, 76], due to the
complexity in the related simulations: advanced capabilies (such as non-collinear magnetism
and spin-orbit coupling) are needed to reproduce the obserd tiny e ects, which implicitly re-
quires a high precision in terms of numerical parameters in tte calculations. In the ab-initio
eld, the rst IMF to be studied were collinear antiferromag nets, such as TbMnOs [81] and
HoMnOs3 [74]. Since the latter will be described in detail in Sec. 3.1, we will now briey
discuss the rst one. The class of manganites often labeledsa\1-2-5" from the stoichiometry
of rare-earth, transition metal, and oxygen, respectively is an actively studied set of IMF. De-
spite some non-collinearity and non-commensurability e ects, most of the mechanisms behind
multiferroicity can be described through simulations with non-centrosymmetric collinear spin
arrangement using a relatively small supercell. The suggésd polarization was of the order of
1 C=cm? and the polarization was reversed by changing the spin-origtation in the unit cell,
providing evidence for the magnetic origin of ferroelectrcity in ToMn ,0s. Within the same
class of materials, HOMrROs was studied in Ref. [82]: the main and new result of that work vas
that the ionic and electronic contributions were strongly dependent on the value of the Hubbard
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Figure 5. Schematic classi cation of IMF, in terms of di ere nt mechanisms (left side) and
compounds (right side). The (non comprehensive) list inclules a few materials which were
studied by rst-principles (see related references: a) Ref[75,76], b) Ref. [77], ¢) Ref. [74,78], d)
Ref. [79,80], e) Ref. [81,82], ) Ref. [83], g) Ref. [84], h) &. [85], i) Ref. [86]).

U parameter used in a LSDA+U approach, pointing to the important role of correlation e e cts
in 1-2-5 manganites.

Within the spin-spiral class of IMF, Li-Copper-based oxides were the rst compounds to be
studied from rst-principles [77]: upon switching-on spin-orbit coupling, the calculated polar-

ization was rather small (of the order of tens or hundreds of C/cm?, depending on whether
ionic relaxations were included or not in the simulations). Shortly later, the prototypical case

of TbMnO 3 was published in two important papers (one following the other in Phys. Rev.

Lett.), Refs. [75,76]. It was shown that the purely electroric contribution (i.e. evaluated by
switching on spin-orbit but keeping the ions frozen into their paramagnetic centrosymmetric
con guration) was much smaller than the ionic contribution (i.e. evaluated by relaxing the
ions). In the TbMnO 3 case, the order of magnitude of theab-initio polarization was found to

be in excellent agreement with experiments [87]. Remarkaly| at the time of publication, the

sign of polarization obtained within DFT was opposite with respect to experiments; indeed, it
later turned out [88] that the discrepancy was due to a misunetrstanding in the conventions of
the experimental settings and an excellent agreement betvan theory and experiments could be
nally obtained.

Within the eld of charge-order-induced ferroelectricity , a prototype has emerged: the triangular
mixed-valence iron-oxide, LuFe Q4 [89]. There, the frustrated charge-ordering is such as to lek
centrosymmetry: in each FeO bilayer, there is an alternation of iron atoms, with Fe?* :Fe3*
ratios of 2:1 and 1:2, therefore giving rise to a polarizatio within each bilayer. The polarization
estimated from rst-principles is very large (of the order of 10 C=cm 2 in the bilayer). However,
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some controversy exists for that material, since it is quesbned whether the stacking of the
bilayers is such as to produce net ferroelectricity [83] or ajlobal antiferroelectricity with no net

polarization [90]. More work (both from theory and from experiments) will be needed in that
respect.

Recently, another collinear compound has been studied, G&oMnOg [79,80]. The mainab-initio
ndings were: i) a large Co orbital moment, which renders the system similarto an Ising-like
chain, with alternating trigonal prismatic Co 2* and octahedral Mn** sites in the spin chain;ii)
a large calculated polarization (about 1.7 C/cm?), caused by a signi cant exchange-striction
combined with a peculiar ""## spin con guration.

Given this general background, in the following sections wewill present some examples ofab-
initio calculations for IMF. In closer detail, we will discuss rareearth manganites (cfr. Sec. 3.1.1)
[74,78] and hole-doped manganitescfr. Sec. 3.1.2) [85] as examples of AFM materials where
the spin-arrangements break inversion symmetry, with polaization being due to Heisenberg-like
mechanisms. We will conclude the section by discussing sonmerspectives and open issues in
the eld.

In what follows, we will mainly show the results of DFT simulations performed using the Vienna
Ab-initio Simulation Package (VASP) [91] and the generalized gradient approximation [92] to the
exchange-correlation potential. For the construction of the Wannier functions, we used the Full-
potential Linearized Augmented Plane-Wave (FLAPW) [93] code in the FLEUR implementation
[94]. For a better treatment of correlation e ects, the so-called LSDA+ U approach [17] (with
U=4eVandJ =0:9 eV) was used in the case of hole-doped manganites. For furgh technical
details, as far as computational or structural parameters ae concerned, we refer to our original
publications [74,78, 85].

3.1 Highlights on Improper Multiferroics
3.1.1 E-type rare-earth ortho-manganites

Let us start the discussion of ferroelectricity in orthorhombic manganites, RMnO 3, by plotting
the AFM spin-arrangement characteristic of the E-type HoOMnO3 . In Fig. 6a we sketch the
ions in the MnO», plane and highlight the zig-zag spin-chains, typical featuwes of the E-type
antiferromagnetism: zig-zag ferromagnetic (FM) spin-up€hains (green atoms in Fig. 6a) are
antiferromagnetically coupled to neighboring spin-downehains (pink atoms in Fig. 6a). The out-
of-plane coupling is also AFM. We note that the antiferromagnetically-coupled zig-zag chains
lead to a doubling of the conventional GdFeQ-like unit cell (20 atoms, P nma space group) along
the a-axis. Indeed, the E-type was experimentally observed to béhe magnetic ground state in
distorted manganites with small ionic radius for the rare-aarth ion (i.e. R =Ho, ..., Lu) [96,97].
It was shown [12,78] that the stabilization of an"'## spin-chain (as the one present in the E-type
along the diagonal directions in the a-c plane, cfr. Fig. 6a), is driven by i) a relatively small
nearest-neighbor exchange coupling constanti) a large AFM next-nearest-neighbor;iii ) a quite
large magnetic anisotropy so that the spins can be considedeas Ising-like.

Why should the E-type magnetic con guration lead to a ferroelectric polarization? This can be
rationalized in di erent (though somewhat inter-connected) ways, depending on the orbitals or
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Figure 6: a) lonic arrangement of AFM-E HoMnOg3 in the MnO» plane. Green (pink) rhombi
denote in-plane projections of MnQ; octahedra around the up-spin (down-spin) Mn ion. Spin
directions indicated by black arrows. b) Schematic orbitatordering for Mn ey states. Circular
arrows show hopping paths, as induced by the AFM-E spin con giration; green and pink arrows
denote asymmetric hoppings for up-spin and down-spin elecbns, respectively. ¢) Schematic
local dipoles (denoted by blue arrows) drawn from @° (bonded to Mn with antiparallel spins)

to OP (bonded to Mn with parallel spins). In b) and c), the directio n of polarization is also
shown.
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atoms one focuses on.

Let's start with Mn gy states. Being Mn in ad* electronic con guration, the strong Jahn-Teller
e ect leads to two large and two small in-plane Mn-O bond lenghs, along with a staggered
(3x% r?)/(3y? r?) orbital-ordering, typical for the class of rare-earth manganites. Within a
double-exchange-like picture, this peculiar orbital-orcering (OO) leads to a favored hopping of
the electron on the two (out of four nearest neighbors) Mn-sies towards which the orbital is
pointing. What is peculiar of the E-type (and di erent from t he conventional A-type in early-
rare-earth manganites) is that, out of these two Mn sites, h@ping will preferentially occur on
the Mn with the spin parallel to the starting site, and not on t he other which shows an opposite
spin. This \asymmetric" hopping creates a \one-way path" for the electron, schematically shown
by the circular arrows in Fig. 6b. At this point, it is clear th at the short c axis is a \preferential"
direction for the electron, with a well-de ned sign for the electron hopping. This mechanism
therefore breaks inversion symmetry and opens the way to a feoelectric polarization Pc.

Another way to explain the direction of polarization is to lo ok at oxygen sites. Again due to
the peculiar E-type spin-con guration, there will be two ki nds of O sites: those bonded to Mn
with parallel spins (labeled as @) and those bonded to Mn with antiparallel spins (labeled as
02P). Due to this inequivalency, their electronic structure will be di erent (even if the ions are

frozen into a centrosymmetric \paramagnetic" con guratio n). This leads to a sort of oxygen
\charge-density wave" which can be thought of in terms of a sé of ordered dipoles resulting in
a net ferroelectric component, again only along the shortc-axis (cfr. Fig. 6c¢).

We would now like to make one comment related to ferroelecté switching in IMF. As is well
known, in conventional displacive perovskite-like ferrodectrics, the switched state (.e. the
one with P) is achieved by displacing the ions (with respect to a referece centrosymmetric
structure) in the opposite way compared to the +P state. However, when asking how to switch
P in the case of magnetically-driven ferroelectrics, one migt guess that some changes in the
spin-arrangement (rather than in the ionic arrangement) sthould be involved. Indeed, from both
Fig. 6b and c, it is clear that P is switched by changing the direction of half of the spins in he
unit cell. For example, if we revert the sign of the two spins n the central part of the unit cell
(labelled as Mn{ and Mn§ in Fig. 6a), then the circular arrows in Fig. 6b will run in the opposite
c direction; similarly, the O-related dipoles of Fig. 6¢ will also change their sign.

So far, we have taken into account purely \electronic" mechaiisms, occurring when considering
the ions frozen into their centrosymmetric con guration. However, it is reasonable to expect
some ionic relaxations consistent with the imposed E-type gin arrangement. For example,
according to a Heisenberg-like magnetostrictive e ect, o expects that O will try to move so
as to gain a \double-exchange"-like energy by maximizing tle Mn-O-Mn angle (recall that the
energy lowering due to double-exchange is optimal in the id&@ 180-degree case), compared to¥®
where double-exchange is not relevant. These ionic relaxans break the atomic centrosymmetry
and lead to an \ionic" contribution to the total ferroelectr ic polarization, to be added to the
purely electronic one.

On the basis of this introductory background, the interpretation of DFT results for HOMnO 3 is
quite straightforward. It is however very important to remi nd that, at variance with model-
Hamiltonian studies allowing the qualitative prediction of a selected phenomenon, rst-principles
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calculations can provide a quantitative estimate as well. Moreover, multiferroics are very com-
plex materials where several competing mechanisms can oacuAs such, identifying the strong
and prevailing e ects can be di cult within a Hamiltonian-m odelling approach; on the other
hand, all the di erent mechanisms are taken into account on the same footing within DFT.

We report in Table 1 the relevant properties calculated within DFT, such as: i) the Mn-O-Mn
angles between parallel (P) and antiparallel ( 2°) Mn spins, obtained after ionic relaxations
in the presence of the E-type spin arrangement;ii) the values of the polarization calculated
in several dierent ways: a purely electronic contribution (PeEfeP), estimated via the Berry-
phase approach, when the ions are clamped in a centrosymmaétr Pnma con guration; the
polarization calculated from the so-called "Point Charge Model" (P> €M), with the ions relaxed
in the ferroelectric con guration, using \nominal" ionic v alues for the charges ife. 3+ on
Mn and Ho and 2 on the O); the total (ionic + electronic) polarization in the relaxed ionic
arrangement, calculated according to the Berry-phase apgrach (P2 ); iii ) the Born e ective
charges,i.e. the (3,3) components of theZ tensor for some relevant atoms:Z (Mn), Z (OP)
andZ (O®). We recall that the Z, 5 elements are estimated by displacing the selected ion along
the c direction by a small amount (typically about 0.01 A or less) and evaluating the change in

the Berry-phase polarization along the samec axis.

When focusing on the Mn-O-Mn angles, we indeed note that the agle between Mn with parallel
spins is much larger than that where spins are antiparallelre ecting the e ciency of relaxations
driven by double-exchange mechanisms. As for polarizationseveral remarks are in order:i)
one might naively expect a magnetically-induced mechanisnto be \weak". However, this is
contradicted by the purely electronic polarization, which is noticeably large. Moreover, this
is one order of magnitude bigger than what was estimated in tie case of spin-spirals ( 0.1

Cl/cm?): this re ects the e ciency of the Heisenberg vs. DM term in b reaking inversion
symmetry. ii) A similar consideration holds for the total polarization. Exchange-strictive e ects
due to the symmetric Heisenberg term result in ionic displaements which cooperate with the
purely electronic polarization, summing up to the apprecisle value of 6 Cl/cm?.

So far, we have discussed the prototypical case of HOMn§ ) however, as previously mentioned,
the E-type is the magnetic ground state for many distorted manganites [97] and it is therefore
interesting to investigate how the relevant properties (with a focus on polarization) change as

Mn-O-Mn () P ( Clcm?) Zyz(e)
P a | pBP pPCM  pBP | Z (Mn) Z (OP) Z (O%)
145.3 141.9| 2.1 35 6.1 3.8 -2.6 -3.5

Table 1. Relevant calculated properties in HOMnQ; . First two columns: Mn-O-Mn angles,
broken down into values for the case of parallel (P) and antiparallel ( @) spin. Third to fth

columns: polarization values calculated when consideringnly the electronic polarization in the
original centrosymmetric structure (Pg;g ), or only the PCM value upon structural relaxation

(PPEMY) and the total Berry-phase polarization for the relaxed ionic coordinates PE2F ). Sixth
to eighth columns: (3,3) components of the Born e ective chage tensors, for Mn ions £ (Mn))

and the two inequivalent in-plane oxygens £ (OP) and Z (O@)).
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a function of the rare-earth [78]. Recall that the rare-earth cation has primarily the e ect
of increasing the octahedral GdFeQ@-like tilting as a result of reducing the ionic size when
moving, say, from La to Lu; on the other hand, the Jahn-Teller-like distortions are weakly
a ected by the rare-earth atom [78,97]. The structural modi cations (relative to the Mn-O-
Mn angles) have in turn important consequences on the magnét and dipolar order. As for
the former, we have shown [78] that the rst-nearest-neightor ferromagnetic exchange-coupling
constant progressively weakens upon decreasing the ioni@dius, whereas the strong second-
nearest-neighbor AFM exchange constant is more or less cotait along the series. This implies
the progressive change of the magnetic ground-state from Aype (in early rare-earth manganites)
to E-type (in late rare-earth manganites), going through the intermediate region R = Th, Dy)
where the spin-spiral occurs as ground state. What happensat polarization? To perform a
complete investigation of the ferroelectric properties asa function of the octahedral tilting, we
have imposed the E-type magnetic state on all the rare-earthmanganites, irrespective of the
actual magnetic ground-state. This is a typical example of a\computer-experiment": within
DFT, at variance with real experimental samples, one can impse several di erent structural,
electronic or magnetic con gurations (not necessarily theground states) to have clear insights
on speci ¢ phenomena or to separate several competing e est

What we focus on here is the construction of Wannier functiors (WF) [22,95] for the Mn gy,
Mn tyg and O p band manifolds and on the position of the WF center with respet to the
relative ionic site. The di erence between the polarization calculated according to the point-
charge-model and via the Berry-phase approach is commonlyeferred to as the \anomalous"
contribution to polarization. As such, it re ects somewhat the deviation from a purely ionic
state or, equivalently, highlights the covalent character of the atomic bonds and, in turn, of the
electronic structure. Moreover, we also recall that the poarization via the Berry-phase approach
is equivalent to the sum of the displacement of the center of &h WF from the position of the
corresponding ion plus PCM contribution. The latter was shawvn [78] to be rather una ected by

the R-ion, with a value PPCM 2 C=cm 2.

In Fig. 7 we report the di erent contributions to the total po larization in the spin-up channel
coming from the displacements of the WF centers for the Mreg, Mn tog and O p, along with their
sum (leading to the spin-up \anomalous contribution"). We n ote that Mn tyg states contribute
in an opposite way with respect to Mn g; and O p states, the total P having the same sign
as the two latter contributions. Moreover, it is quite clear that, whereas the O p and Mn tag
depend relatively little on the rare-earth ions, the gy contribution is very sensitive to structural
distortions. Indeed, for a hypothetical LaMnO3 in the E-type spin con guration, there would be
a total polarization (coming from twice the spin-up contrib ution shown in Fig. 7 plus the PCM
term), summing up to a value greater than 10 C/cm?! This con rms the strong sensitivity
of the gy states to the Mn-O-Mn angle: as reported in Ref. [78], the hoping integral strongly
decreases when moving from La to Lu, consistent with a progissively reduced band width.
Whereas promising ways to increase P would appear in the earlrare-earth manganites (but
where unfortunately the magnetic ground state is the (paradectric) A-type AFM), the total
polarization seems pretty much \saturated" to a value of the order of 6 C/cm? in going from
Ho to Lu.

We would like to comment now on the comparison with experimems. First of all, we remark
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that several problems exist with the experimental synthess of the late R manganites: indeed,
the stable structure is hexagonal, not orthorhombic [97,98 Modern growth techniques, such
as high-pressure high-temperature synthesis, can do the lpand synthesize ortho-manganites
for late rare-earths, leading however not to single-crystés but rather to polycrystalline samples.
This poses problems for the exact evaluation of ferroelecit polarization, due to possible di erent
orientations of the polarization vector in the polycrystalline grains. To our knowledge, there
exists several values in the literature. Lorenzt al. [99] reportedP  0:001 C/cm? for HOMnO3,
i.e. a value smaller by two or three orders of magnitudes than ourab-initio estimates. On the
other hand, a much larger value was recently reported in AFME TmMnO 3 [100]: a lower bound
of (unsaturated) polarization of about 0.15 C/cm? was measured, in much better agreement
with our theoretical values. This is especially so, since Pmjakushin et al. [100] suggested that
the threshold of 1 C/cm? could be easily achieved in the case of single crystals. In ihrespect,
we would also like to remark that the values discussed so farra calculated within a bare DFT
approach. It is however well known that DFT fails in accurately modelling strong correlation
e ects, which might occur in manganites. However, the incluision of an Hubbard-like correction
according to the so-called LSDA+U approach for Mn d states in HoOMnOs , lead to values of
the polarization all larger than 1{2 C/cm? for U 8 eV. Recently, in Ref. [101], the authors
reported a theoretical model in the context of electromagna excitations in RMnO 3. One of the
outcome was the estimate of the polarization in E-type mangaites based on optical absorption
data measured for ToMnO; in the spiral-phase: P was found to be of the order of 1 C/cm?,
therefore large and compatible with our theory estimates. Though some controversy is still
present, there are more and more con rmations that the polaization in E-type is much higher
than in the spiral phases studied so far, consistently with he generally accepted argument that
magnetostrictive e ects in the symmetric Heisenberg-like exchange should be stronger than in
the antisymmetric DM part.

3.1.2 Half-doped manganites: La ¢5CagpsMnO 3

Hole-doped manganites ie. A1 xBxMnO3 where A = La, Pr, ...and B = Ca, Sr, ...) show
a rich physics, with exciting phenomena ranging from chargeordering to half-metallicity, from
colossal magnetoresistance to exotic phase diagrams, froorbital-ordering to metal-insulator
transitions. We will here discuss the possibility that hole-doped manganites, with a hole-
concentration x 0.5, might also become ferroelectric and, therefore, mulferroic.

Lag:sCagsMnO3 (denoted in the following as LCMO) is a very complex system fom many
points of view (electronic, structural, magnetic, etc.) and, despite the many decades of work
since the rst seminal paper [102], its properties have not leen clearly elucidated. In particular,
even the exact ionic coordinates and related symmetries arstill debated. Two main models
have been proposed so far:a) the rst one, proposed by Radaelli et al. [103], is based on
a site-centered charge-ordered (SC-CO) M# /Mn 4+ checkerboard arrangement in the MnG
plane (see Fig. 8c), in which the octahedron around MA* is Jahn-Teller-like distorted, whereas
the octahedron around Mn** is rather regular; b) the second one, proposed by Rodriguest
al. [104] and referred to as a bond-centered charge-ordered (BCO), is based on a structural
dimerization of Mn ions (all in a d* con guration). This leads to a peculiar OO: at variance
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Figure 7: Dierent up-spin contributions to the \anomalous " term in the polarization (in
Clcm?) as derived from WF centers: Mn gy (red), Mn tyg (blue), O p (green) and total
(magenta) as a function of the rare-earth ion R = La, Nd, Sm, Ho, Lu).
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Figure 8: a) Checker-board arrangement of M* and Mn** in the MnO, plane in the SC-CO
structure. The AFM-CE magnetic con guration is shown by dou ble zigzag up (black arrows)
and down (red arrows) spin chains. b) Sketch of the rotation: the spins on two neighboring
Mn atoms in the up-spin chain are rotated clockwise by (green arrows), along with two
corresponding spins on neighboring Mn in the down-spin cha rotated clockwise by (blue
arrows). c¢) The schematic orbital-ordering in the SC-CO stucture: ideally, there should be
an elongated Jahn-Teller-like ey orbital centered on the Mn®* site and no€,-like charge on the
Mn“* site. d) The schematic OO in the BC-CO structure: the two Mn ions in the dimer show
their ey orbitals oriented one towards each-other. ZP units {.e. two Mn and the O in-between)
are highlighted by ellipses.

with the staggered OO previously mentioned for LaMnG;, here the lled Mn ey orbitals in the
dimer point one towards each other. With respect to the mothe compound, LaMnOg3, there is
one extra-hole every two Mn: the (spin-polarized) hole is bkeved to be located on the central
O in between the two Mn. This peculiar unit (formed by two Mn and the O in between) is
often referred to as \Zener-polaron” (ZP) [105,106], afterthe Zener double exchange mechanism
which should be enhanced here (see Fig. 8d).

As far as the magnetic spin-con guration is concerned, the s-called CE-type AFM (i.e. double
zig-zag spin chains in the MnQ plane, cfr. Fig. 8a) has been proposed as ground-state.

We will here focus on two di erent mechanisms which might leal to improper ferroelectricity in
LCMO:

The rst one is based on breaking inversion symmetry in the sfin-chains through a rotation
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(by an angle ) of the spins on two nearest-neighbor Mn in the up zigzag chai, along with
a corresponding rotation of two spins in the down spin-chain(cfr. Fig. 8b), so as to keep
a global AFM character. This follows the theoretical proposal put forward by Efremov et
al. [107], who rst suggested the possibility of multiferroicity in manganites. According
to Ref. [107], such rotation should progressively lead froma fully SC-CO (in the ideal
CE-type, =0 )toafully BC-CO for =90 (where the dimerization process driven by
spin ordering is maximized). Efremovet al. predicted that, in both the extreme cases, =
0 and =90 , the polarization should vanish: for =0 , the checkerboard arrangement
should be fully centrosymmetric (both structurally and electronically), whereas for =90
the Mn should not show any charge-disproportionation. Howerer, for in-between values of

, the intermediate SC-CO/BC-CO should lead to a small chargedisproportionation and,
therefore, to inequivalent Mn (at variance with the ZP state and reminiscent of the site-
centered CE-type). In this case, inversion symmetry would k& broken by spin-dimerization,
therefore paving the way to ferroelectricity;

The second mechanism occurs in the structure experimentall proposed by Rodriguezet
al. [104]. The related unit cell shows a structural” Mn-Mn dimerization and implies
a realization of a BC-CO, not invoking (non-collinear) magnetic mechanisms as in the
previous case, but rather thanks to electronic rearrangemat | such as OO | following
the structural distortions. Still, in this case, our mechanism for multiferroicity is once
more a (collinear) magnetically induced mechanism based othe inequivalency of some
speci ¢ oxygen atoms, as will be detailed below.

Due to the large unit-cell (80 atoms, needed to simulate the E-type AFM ordering, along with
a checkerboard arrangement of La and Ca cations) and the neeaf non-collinear spin magnetism
(needed to simulate nite values of ), the computational cost of these simulations is very high.
For this reason, the ionic positions were not optimized witin DFT, but were rather kept frozen
in the structure proposed either by Radaelli [103] or by Rodiguez [104], labelled in what follows
as LT-M or by LT-O, respectively. Unfortunately, the lack of ionic minimization forbids any
DFT prediction of the actual structural and magnetic ground -state from total-energy arguments;
this calls for future studies. From our calculated values f@ unrelaxed structures, it seems that
the CE with SC-CO is the phase showing lowest total energy; haever, for example, the SC-CO
state with a rotation = 45 | is higher in energy by only 4 meV/Mn. One can therefore
conjecture that, in real samples, there might be a coexistece of nanoscale regions with di erent
magnetic structures (i.e. with zero and nite  values).

Before discussing the relevant ferroelectric propertiesjet us mention some general features
in the electronic structures of the LT-M and LT-O systems, both in the CE-type AFM spin
con guration (i.e. = 0). In Fig. 9 we show the isolines of the electronic charge pitted in the
energy region where the Mney states are located. It is clear that in the LT-M (Fig. 9a) the
shape of theey electronic cloud, centered on the \nominal* Mn®*, is markedly elongated towards
the neighboring Mn** with parallel spins. On the other hand, the Mn** show a very isotropic
distribution of the charge. The situation is di erent in the LT-O structure (Fig. 9b), where the
OO clearly shows theey orbitals forming \dimers" with their charge distribution p ointing one
towards the other, as driven by the underlying ionic con guration. Let us mention a note on the
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Figure 9: Isolines of thegy charge in a) the LT-M SC-CO and b) the LT-O BC-CO structures.
Red (blue) lines marks the minimum (maximum) charge, through the intermediate green lines.
In &), black arrows mark the Mn spin directions. In b), ZP are highlighted.

CO: consistently with previous reports, the actual chargedisproportionation in LCMO within
DFT is of the order of only 0.1{0.2 electrons in the LT-M SC-CO, at variance with the ideal
situation of \full* charge disproportionation, where the ey electron cloud should be completely
distributed around the Mn 3*, with no-charge on the Mn**. In this sense, the calculated OO
in the LT-M ( cfr. Fig. 9a) is dierent from the nominal situation ( cfr. Fig. 8c) with clear
signatures of g; charge also around the Mrit*. We remark, however, that the small charge-
disproportionation detected in the LT-M structure becomes really negligible (<0.02 electrons)
in the LT-O BC-CO; this suggests that it is still meaningful t o consider the LT-M ! LT-O
transition as a corresponding SC-CO!' BC-CO transition.

Let's now consider what happens in the LT-M structure upon increasing from the initial
zero-value: our calculated electronic structures (not shan, see Ref. [85]) indicate a decreasing
gy band-width and a related increasing band-gap. This can be rionalized by comparing the
spin-arrangement with nite  with the original CE-type. Upon spin rotation, the ey electron
| which could hop equivalently on the two nearest-neighbor M n** on both sides along the
spin-chain in the CE-AFM phase | will now preferentially hop on the Mn** which shows a
parallel spin, since hopping in the other direction is prevaited by the spin misalignment. This
e ect would rather lead to a decreased hopping and to a redua e; band-width, at variance
with our ndings. However, one needs to consider that, for 6 0, there will be an increasing
probability to hop on the neighboring spin-chain (prevented by opposite spin con guration in
the CE-AFM phase). Overall, there will be therefore an increased hopping integral, consistently
with our ndings and with Hamiltonian-modelling studies, a s well [85].
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For our purposes, the most important nding is that a nite in the LT-M induces a rather
large polarization, as shown in Table 2 (rst line), with an increasing parabolic trend of P
vs. . We note that this is a purely electronic polarization, since the ions are xed in their
centrosymmetric arrangement [103]. The Heisenberg-likeysnmetry breaking | as driven by
spin-rotation | is therefore con rmed as an e cient tool to i nduce large ferroelectricity (recall
that spin-orbit coupling and the related DM interaction is n eglected in the present context).

We will now focus on the calculated values ofP in the LT-O structure (see Table 2) and start
the discussion for the = 0 case. Without any magnetic ordering imposed and as deterrimed
experimentally, the LT-O structure shows a P 2;nm space group: this implies that some in-plane
oxygens are structurally equivalent (shown in the same coloin Fig. 10), due to the 2; screw
symmetry. However, when imposing the AFM-CE spin-con guration, the Oxygen equivalency
is lifted: there is an alternation of OP bonded to two parallel spins and ofO# bonded to two
antiparallel spins. This is su cient to give rise to ferroel ectricity in the direction shown in Fig. 10.
Remarkably, the induced polarization reaches the surprisigly large value of several C=cm 2.
To further verify that a magnetically-induced mechanism is the source of the ferroelectricity, we
have also performed a -like rotation of the spin dimers, similar to the previous case of the LT-M
(cfr. Fig. 8 b)). In this case, upon spin-rotation, the inequivalency of the Oxygens crossing the
21 axis is reduced. In the extreme situation, = 90 , all the O atoms are now bonded to two
Mn with perpendicular spins: in this con guration, they all look equivalent and the source of
polarization vanishes. Indeed, DFT calculations con rm that this is the case ¢fr. Table 2). In
summary, our DFT results (both from HoMnO 3 and LCMO) o er a con rmation that the O
inequivalency is an e cient handle to achieve and/or tune a large ferroelectric response.

3.2 Problems and perspectives in Improper multiferroics

As indicated by the huge interest in the last few years, magntcally-driven ferroelectrics, with
ortho-TbMnO 3 taken as prototype, are with no doubt an exciting class of maerials. However,
there are a few bottlenecks which prevent their use in largescale applications:i) their polariza-
tion is generally very small (0.1 C/cm?); ii) their ordering temperature is very low (of the
order of few tens of K);iii ) being globally antiferromagnets, their net magnetization is always
zero (a ferromagnetic spin ordering alone cannot break invsion symmetry!). In this respect,
we will certainly see some activity in future years to get rid of these problems.

As shown in this review, at least pointi) can be beautifully overcome when considering Heisenberg-
like exchange-striction, as shown in E-type manganites. Tl ordering temperature of the latter
is, however, extremely low Ty (HOMNO3) 26 K). One possibility to increase the ordering

| | 0 [225 [ 45 [675 | 90 |
LT-M | 0.0 | 0.19 | 0.66] 1.56 | 2.70
LT-O | 7.18| 6.62 | 5.13] 2.84 | 0.0

Table 2: Berry-phase polarization (in C/cm?) calculated in the LT-M and LT-O structure as
a function of spin-rotation angles (rst line).
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Figure 10: Atomic con guration in the MnO , plane of the LT-O structure: symmetry-equivalent
atoms are marked in the same color. Note that red and black spares mark Mn atoms: despite
being symmetry-inequivalent, the two kinds of Mn are only marginally di erent from the elec-
tronic point of view, with small di erences in the Mn-O bond- lengths (see Ref. [104].). Hori-
zontal lines mark the two 2; screw axes in the unit cell, crossing the O atoms (marked as gy
and yellow). The blue arrows on the Mn ions denote the spin diections in the AFM-CE spin
con guration: when considering the spin-directions, the gey atoms (structurally equivalent by
symmetry) become electronically di erent. they are alternatively bonded to two parallel Mn
spins and to two anti-parallel spins (see labels on two seléed oxygens).

temperature without losing the non-centrosymmetric Heiseberg-like exchange-striction is to
consider rare-earth nickelates [86] (for exampleTy (HONiIO3) = 145 K, Ty (LUNiO 3) = 130 K,
etc.). Nickelates are rather complex materials, with seveal important issues still under debate,
including the origin of their metal-insulator transition a s well as their spin con guration. As
for the latter, both non-collinear and collinear spin-arrangements have been put forward from
neutron di raction studies [108,109]. In addition, nickelates show a charge-disproportionation:
Ni ions, in the nominal 3+ valence-state, split into two groups of Ni#* and Ni** [110]. This adds
one degree of freedom to achieve ferroelectricity. For exaple, as suggested in Ref. [111], one
of the proposed magnetic con gurations shows, along the [11]] direction, a sequence of Ni' -
Ni4* -Ni?* -Ni** as for charge-ordering and a sequence 8f## planes as for spin-ordering. The
combination of spin and charge-ordering would break centreymmetry, leading to a polarization
along the [111] direction. Another spin-con guration, proposed by experiments, seems to be
very similar to the E-type in HoMnO 3, the only di erence being the stacking of TMO, (TM
= Mn, Ni) planes: whereas the out-of-plane coupling is alwag AFM in HOMnO 3, in nickelates
there are NiO, alternatively coupled ferromagnetically and antiferromagnetically. However, the
di erent out-of-plane stacking does not destroy the mecharsm for polarization, induced in a
way very similar to HoMnO 3. Our preliminary calculations [86] show that the two mentioned
collinear magnetic ground-states in monoclinicRNiO3 (R = Ho, Lu) are basically degenerate
(i.e. the di erences in total energies are below our numerical unertainty). Consistently with a
Heisenberg-driven mechanism, both spin-con gurations gie rise to a large polarization (of the
order of few C/cm?) along di erent directions, suggesting nickelates as a newand interesting
class of magnetically-driven multiferroics.
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Going back to the bottlenecks mentioned above, pointiii) might be overcome by considering
magnetite. In this review, we have discussed so far a few exastes where spin-ordering is a
necessary ingredient to break inversion symmetry. Howeverthere are materials in which the
polarization is induced purely by charge-ordering, such atuFe,04 and Fe;04 below the Verwey
transition temperature (i.e. corresponding to the metal-insulator transition, Ty 120 K). In
magnetite, the spin-arrangement is ferrimagnetic (.e. tetrahedral and octahedral Fe sites show
up and down spin, respectively). The role of magnetism, howeer, does not seem to be relevant
for polarization. Magnetite is a complex and controversialsystem: the F&* /Fe3* charge order-
ing pattern on octahedral iron sites is still under debate [112,113]. However, theCc symmetry
has been proposed by diraction studies and con rmed from rst-principles to be the ground
state [114]. In the Cc case, octahedral Fe sites, form a corner-sharing tetrahedn network: 75%
of the tetrahedra show the so-called "3:1" pattern (meaningthat, in each tetrahedron, 3 sites
are F&* and one is Fé* or vice versa), whereas 25% show a 2:2 pattern (meaning that gites
are F¢* and two are F€** in the tetrahedron). It happens that the Ccis non-centrosymmetric;
indeed, our DFT calculations [84] show the polarization incuced by charge-ordering to be of
the order of few Cl/cm?, suggesting magnetite to be the rst improper multiferroic known to
mankind.

4 Summary and Conclusions

In summary, we have presented some examples which show theper of DFT-based methods in
the eld of multiferroic materials. This includes: i) rationalizing experimental observations in
known multiferroics, ii) designing new (arti cial) multiferroics with optimized p roperties (larger
ferroelectric polarization, strong ferromagnetism, higher ordering temperatures, etc.), andiii)
proposing and quantifying novel microscopic mechanisms, dsed on electronic degrees of freedom,
which potentially lead to ferroelectricity in magnetic tra nsition metal oxides.

It is apparent that the eld of proper magnetic ferroelectri cs has a relatively long history: many
of these materials have already been studied in the 1960s oater, but have only recently been
rediscovered. Due to substantial advancements in experinmgal synthesis and characterization
techniques on one side, and the availability of powerful computational methods together with new
theoretical approaches on the other side, substantial progess in understanding these materials
has been achieved during recent years. Similar to the the casof non-magnetic ferroelectrics,
rst-principles calculations have shown a remarkably high degree of accuracy, reliability, and
predictive capability for the class of proper multiferroics. Nevertheless, many open questions
still remain, in particular how to achieve large polarization, large magnetization, and strong
magneto-electric coupling above room temperature, or whatmechanisms for coupling between
magnetic and ferroelectric properties do exist in these matrials.

On the other hand, the eld of DFT calculations for improper m ultiferroics is only a couple of
years old. As such, it is not clear at the moment how accurate lhe predictive capabilities of cur-
rent DFT approaches are for relevant quantities such as strgtural or electronic properties and,
most importantly, polarization. On the experimental side, the synthesis of some compounds.€.
as shown for ortho-manganites with late rare-earth ions) isnot under full control, making the
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theory-experiment comparison rather complicated. On the nodelling side, the role of electronic
correlations (where DFT often shows its limits) is certainly more relevant in improper than in
proper magnetic ferroelectrics. In this respect, future deelopments on the theory side {.e.
invoking novel exchange-correlation functionals to bette describe many-body e ects) are desir-
able. As such, a strong interaction with the experimental ard model-Hamiltonian communities
active in the eld, as well as the extension of DFT studies to amuch larger set of materials
(showing di erent microscopic mechanisms or simply di erent chemical, structural, or electronic
properties), will be necessary to achieve a satisfactory cplitative and quantitative description
of the complex physics at play in improper multiferroics.
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